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Chapter 1

Compressive Sampling

1.1 Introduction

Although it is convenient for conceptual and theoretical purposes to think of sig-
nals as general functions of time. In practice they are usually acquired, processed,
stored and transmitted as discrete and finite time samples. We need to study this
sampling process carefully to determine to what extent a sampling or discretiza-
tion allows us to reconstruct the original information in the signal. Furthermore,
real signals such as speech or images are not arbitrary functions. Depending on
the type of signal, they have special structure. No one would confuse the output
of a random number generator with human speech. It is also important to under-
stand the extent to which we can compress the basic information in the signal to
minimize storage space and maximize transmission time.

Shannon sampling is one approach to these issues. In this approach we model
real signals as function§t) in L,(—o0, o0) that are bandlimited. Thus if the fre-
guency support of(w) is contained in the intervél-<2, Q] and we sample the sig-
nal at discrete time intervals with equal spacing less thaa(, i.e., faster than
the Nyquist rate, we can reconstruct the original signal exactly from the discrete
samples. This method will work provided hardware exists to sample the signal at
the required rate. Increasingly this is a problem because modern technologies can
generate signals of higher bandwidth than existing hardware can sample.

There are other models for signals that exploit different properties of real sig-
nals and can be used as alternatives to Shannon sampling. In this chapter we
introduce an alternative model that is based on the sparsity of many real signals.
Intuitively we think of a signal as sparse if its expression with respect to some



chosen basis has coefficients that are mostly zero (or very small). The content
of the signal is in the location and values of the spikes, the nonzero terms. For
example the return from a radar signal at an airport is typically null, except for a
few spikes locating the positions and velocities of nearby aircraft. A time trace
of the sound from a musical instrument might not be sparse, whereas the Fourier
transform of the the same signal would be sparse. This approach to the modeling,
processing and storage of real signals is called compressive sampling.

We start with a simple model of a signal as a reduplex € R,,. We think
of n as large. We are especially interested in the case wexé-sparse. That is,
at mostk of the components, - - - , z,, of x are nonzero. We think df as small
with respect tar. In order to obtain information about the signalve sample it.
Here, a sample is a linear functionglon R,,. That is, the samplé.(z) = ¢ -z
wherec = (¢, -+, ¢,) is a given sample vector and z is the dot product o
andz. Oncec is chosen, the dot product is easy to implement in hardware. In the
case where; = ¢;; for fixed j andi = 1, - - - , n the sample would yield the value
of the component;. Now suppose we take: different sampleg, of z, i.e., we
havem distinct sample vectorg?, ¢ = 1, --- ,m. We can describe the sampling
process by the equatign= ®x where then x n sampling matrix® is defined by

)

@)= ()= : | (1.1)

o(m)

andy is anm-tuple. For compressive sampling is less tham, so that the
system is underdetermined. The problem is to design the sampling magox

that we can determine the signauniquely fromm samples. Obviously, this is
impossible for arbitrary signals. It is possible if we know in advance thathas

some special form. For compressive sampling at its simplest, the only requirement
on the signak is that it isk-sparse, i.e., that at mokt< n of the components;

are nonzero. The only assumptiorkisparsity, not the possible locations of the
nonzero components.

A simple example will illustrate the utility of compressive sampling. Suppose
we have a sequence of longcomponent signals® that are 1-sparse. Thus, each
signal consists of a single spike at some locagign with all other components
0. To determine the signal uniquely we need only find the location and the value
of the spike. How can we do this from a minimum number of samples? This
problem has an elegant solution, particularly simple in the ease 2¢ for ¢ a
positive integer. For each 1-sparse signate number the components from

2



j = 0toj = 2°— 1. Similarly we will number the rows and columns &f
starting from 0. Recall that eaghcan be written uniquely in binary numbers as
e—1,Je—2- -+, 1, jo] wherej = jo20+ 72! +- - -4 j,_1 2" where each), = 0, 1.
We design then x n sampling matrix® wherem = ¢ + 1 by first filling the top
(Oth) row with ones:®, ; = 1. For the remainingn terms in the Oth column of
® we enter the binary number for 0, for the remainingerms in the 1st column
we enter the binary number for 1, and so forth. Thus the sampling matrix is given
by ®;; = jo_; fori = 1,--- £. Computingy = ®x we havey, = ;) the
magnitude of the spike, whereasyif # 0 [y /o, -, ¥1/Y0] iS the location of
the spike, written in binary. For example, suppdse 3, m = 4, n = 8 and the
signalz has the spikes = 6.1. Theny = ®x becomes

0

0
6.1 11111111 0
O] _ [010101O0T1 0
61| | 001100T11 0o 1’
6.1 000011171 0

6.1

0

and fromy we see that the value of the spikeys = 6.1 and the location is
[1,1,0] = 6. We see from this construction that for 1-sparse signals of large length
n we can identify the signal uniquely with only abosi, n samples; it isn't
necessary to sample allcomponents individually. For storage or transmission of
the information, the compression is impressive. Rather than statenbers we
need only storen ~ log, n numbers.

In this chapter we will study the problem, for givénn with £ < n, of how
to designm x n sampling matrices (or encoders) to uniquely determhsparse
signalsr such that the number of sampless as small as possible. Later we shall
treat the more important case where noise and measuring errors are allowed and
we want to find a&-sparse approximatioh of = with approximation error angh
as small as possible.

1.2 Algebraic theory

The sampling problem is closely associated with the structure of the null space
N(®) of them x n sampling/encoding matrix. Clearly, the rank ®fis < m,
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andm < n since our system is underdetermined. There will be many signals
that will yield the same samplg Recall thatV(®) = {z € R, : ®z = 0} and
dim N(®) > n — m. The hyperpland’(y) of signals giving the samplg takes
the form

Fly)={zr € R,: dx =y} =0+ N(P)

for anyzy € F(y). Note that every signat lies on one and only one of these
hyperplanes. Once we have sampled or encoded the signal we will need to try
to reconstruct the signal from the sample. We define a decoder as a mapping
A : R, — R,, which could be nonlinear. Given a signaland a decoder

A we think ofz = A(®(z)) = A(y) as our approximation te, based on the
sample.ldeally we would like an encoding-decoding gairA such thatt = .
However, this is not possible for an underdetermined system, unless we restrict
the set of signals. Clearly, ensuring that at most one allowable siggefes a
particular sample; (so that we can recover from y via a suitable decoder) is
equivalent to requiring that each hyperplang,) contains at most one allowable
signal. Initially we restrict to signals that are sparse with respect to the standard
basise; for R,,, without any other requirements. More precisely, given a positive
integerk < n we will restrictz to the subseX, of k-sparse signals. Here,

Y ={x € R, : #supp (z) <k}, wheresupp (z) = {i: z; #0}  (1.2)

and#supp is the cardinality of the support af In other words}:; is the subset
of R,, consisting of all signals with at mostnonzero components. Note thag is
not a subspace dt,, because the sum of twesparse signals may not besparse.
Indeed, ifz™), 2 ¢ %, the best that we can guarantee is thfat + 2® € %,,.

Exercise 1 Show that even thoughfi, is not a vector space, it can be expressed
as the set-theoretical union of subspacés = {z : supp (z) C T} } whereT
runs over allk-element subsets of the integgis2, - -- ,n}, i.e.,

Ek = UTkXTk-

If we chooseX, for some fixedk < n as our set of allowable signals, in order
to recover eacl-sparse signat from its sampley, we need to find the possible
m X n. sample matrice® such thaty = ®x uniquely determines for all z € >;.
To characterize the sampling matrices we first recall the representation (1) of
in terms of its column vectors and introduce notation to describe submatrices of
®. letT be a set of#:(T') = ¢ column indicesl < iy < iy < --- < iy < n. Then
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O = (¢iy,- -+ ,¢,) IS the#(T) x n submatrix of® formed from the columns
indexed byT". Then,®%d is the#(T) x #(T) matrix with (s, ¢) matrix element
given by the dot produet;, - ¢;,, 1 < s,t < #(T).

Theorem 1 Let® be am x n matrix andk a positive integex n. The following
are equivalent

(1) Forall y € R,,,, eachF(y) contains at most one elementXf.
(2) X N N(®) = {6}.
(3) For any set of column indicéS with #(7") = 2k, the matrix®, has rank2k.
(4) For any set of column indicéB8 with #(T') = 2k, the2k x 2k matrix &5 dr
has all eigenvalues; > 0 and is invertible.
PROOF:

(1) — (2). Suppose: € Yo, anddx = 6. Sincexr has at mos2k nonzero com-
ponents, we can always find vectard), z(2) each with at mosk nonzero
components, and such that= 2 — 2, Now sety = ®z". Since
dr = ¢z — &z = 9 we have that botr™, 22 € F(y). By (1),
2 =23 sozr =6.

(2) — (3). LetT be asetofindicesd < i; < 15 < -+ < i9, < mn With
#(T) = 2k and letz € R, such that supfx) C 7T, sox € Y. If
o Ti,c, = Pr = §thenz € N(®), sox = 6 by (2). Thus the2k

column vectors indexed B must be linearly independent.

(3) — (4). LetT andx be chosen as in the preceding proof and consider the
quadratic form

2k

2k 2k
<z, ®"dr >= Z i, (Ci, + €i) T, = (Z Ti,Ci,) - (Z i, Ciy)
s=1 t=1

s,t=1

2k
- || Z xitcitH%'
t=1

By (3), the2k column vectors;, are linearly independent, so the quadratic
form < z, " ®x > is > 0 for all nonzerox with supgz) C 7. Note that
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the matrix®%®, is symmetric. It is a well known fact from linear alge-
bra that That anyV x N real symmetric matrix4 hasN real eigenvalues
and that these eigenvalues are all positive if and only if the quadratic form
sz‘\,[jzl y;A;jy; > 0 for all real nonzero vectorg. Furthermore a real sym-
metric matrix with all positive eigenvalues is invertible. This establishes

(4).

(4) — (1). Supposer™, 2® ¢ F(y) N Y, for somey € R,,. Settingz =
M — 2 we see thatbz = ¢z — P2 = y — y =  andz € Ny
Let 7" be the index sefi;} for the support ofc. Then the fact that is in
the null space o® can be expressed in terms of the column vectors a§
2k
o1 T3¢, = Px = 6. Thus

2k

2k
<z, 0"y >= Z i, (Ciy - ci)Ti, = || Zzitcz’t”g =0
t=1

s,t=1

By (4), the eigenvalues @ &+ are all positive so the only way for this last
sum to vanish is ift: = 4. This impliesz(M) = 2,

Q.E.D.

If the m xn sample matrixp satisfies the requirements of the theorem for some
k with 2k < m < n then we can show the existence of a encoder/decoder system
that reproduces ank-sparse signat. Necessary and sufficient conditions for
unique reproduction are that every subse?/ioicolumn vectors must be linearly
independent. If this is true we hawe > 2k. Now let7T" be any2k-index set that
contains the support af. Then the encoder gives the sample- dx = ®,x, SO
Pty = (PEDr)x. Since thek x 2k matrix PP is invertible, we can recover
from y via the decoding operation

v = Ay) = (07 Pr) ' Pry.

Although this construction requires us to find someontaining the support af,
we can avoid this by using th&g (or any/,) norm to findz from a minimization
problem:

z = A(y) = Argmin,cy, ||y — ®2(1,

where by Argmin we mean the vectothat achieves the minimum value |0§ —
®z||,. Indeed the minimum value @éfis achieved for exactly one € ¥, as the
theorem demonstrates.



Example 1 Consider th&k x n Vandermonde matrix

1 1 1
ai % an
2 2 2
O = ay a3 ap, ,
k=1 k-1 k—1
ay ay a,

wherea; < ay < -+ < a,. Itis an exercise in linear algebra to show that the
determinant of a square Vandermonde matrix is equatkh- ;(a; —a;) # 0, i.e.,

a square Vandermonde matrix is invertible. Thus ahy 2k submatrix of® has
rank 2k and @ satisfies the conditions of Theorem 1 with= 2k.

Exercise 2 Work out explicitly the action of the Vandermonde coder/decoder for
a)k=1,and b)k = 2.

1.3 Analytic theory

The algebraic solution to the compressed sampling problem presented in the pre-
ceding section is, by itself, of only modest practical significance. Firstly, there is a
significant practical problem of actually computindor large values ofi. Also,

the solution assumes that the signals are precisalgarse and that the inverse

of the matrix(®%®7)~! can be computed with no error. Real signals typically
have a few spikes with all other components small but not zero. The numerical
computation of the matrix inverse may be unstable for largedk. (This is the

case with the Vandermonde matrix.) The signals may be partially corrupted by
noise. We need to develop analytic estimates that enable us to determine how well
the encoding/decoding procedure approximates the initial signal. We also need to
be concerned with the design of the decoder, so that it can efficiently compute the
approximation.

1.3.1 Recovering a sparse solution of = ®x via /; minimiza-
tion

Theorem 1 gave necessary and sufficient conditions that there was at most one
signalz € 3, N F(y) that produced a given sampje(Recall that ifx = 7 is one
solution of the equatiop = ®z then all solutions are of the form € F(y) =
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{Z+ h:he N(P)} whereN () is the null space of ther x n sampling matrix

®.) However, the theorem did not lead directly to an efficient method for explicit
computation of thé:-sparse solution from the sampje Here we will study the
feasibility of findingz by solving the/; minimization problem

T = ArgmianF(y)Hle (13)

Already in Sectior?? we have seen examples of the special ability of/theorm
to produce solutions of y = ®x with maximal sparsity. Now we will find
necessary and sufficient conditions that thisninimization will lead to a unique
k-sparse solution.

Suppose that the equation= &x has ak-sparse solutiort: and that this
solution also satisfies (1.3), i.e., it has minimiahorm. This means that

12 + Rllr > [12]]1

forall h € N(®). If T C {1,2,---,n} is the index set for the support af
and7 is the set of remaining indices, thé(T') = k, #(7°) = n — k and the
minimization condition can be written in terms of absolute values as

D fa A hal >l = |l
€T i€Te €T

Exercise 3 Show that for any two real numbeusb it is always true thata +
bl — |a| > sgn(a)b, wheresgn(a) = 1if a > 0 andsgn(a) = —1ifa < 0. In
particular, show that this is a strict equality unlegs < 0 and|b| > |a|.

Using the result of Exercise 3 we can obtain a minimization condition
1+ hll = |2l > > sen(@a)hi + Y b, (1.4)
€T i€Te

where the left-hand side is 0 for all . € N(®). Similarly, sinceN(®) is a
vector space we can replakdy —h in (1.4) and obtain

|2 = Rl[s = [|2[]: > _ZSgn(i'i)hi‘i‘Z‘hi‘a (1.5)
i€T i€Te

where again the left-hand side3s0 for all - € N(®). It follows from (1.4) and
(1.5) that the strict inequality

> san(@i)h < Y |kl (1.6)

i€T ieTe



for all nonzeroh € N(®) is a sufficient condition thatz + h||; — ||z||y > 0,
hence that: is the unique/; minimum. If we replace< by < in (1.6) then we
have a sufficient condition thatis a minimum, but uniqueness isn’t guaranteed.

Theorem 2 Supposer = z is a k-sparse solution of the equation= ®x and
T is the index set af. A necessary and sufficient condition thais a minimal
/;-norm solution is

> sen(@)h; <Y |hal,Vh € N(®). (1.7)

i€T 1€Te

A necessary and sufficient condition thids the unique minimal;-norm solution
IS

> sen(@)h; < Y |hi|,Vh € N(®),h # 6. (1.8)

€T 1€Te

PROOF: We have already shown the sufficiency. To show that the conditions are
necessary, suppose there is & N(®) such thaty",_, sen(@:)hi > 3 ,cpe [hil-

Then the same strict inequality will hold for @l = ah € N(®) wherea > 0.

Now choosev so small thath;| < |#; for all i € T.. Then from one of the results

of Exercise 3 we have strict equality; + h;| — |z;| = sgn(z;)h; forall i € T.

Thus
|2 — hlli — ||h|L = — ngn(fci)hi + Z |hi| <0,

€T i€Te

soz is not an/; minimum. Q.E.D.

Note that recovery of @&-sparse signat depends not on the magnitude of
the nonzero components of the signal, but just on its pattern of signs. A key in-
sight provided by Theorem 2 is that sparse signal recovery via sampling is closely
related to the structure of the null spatéd).

Corollary 1 A necessary and sufficient condition tleaery k-sparse signak
can be obtained as the unique mininfaginorm solution to its sample equation
y = dx is that

> il <Y [l Vh € N(®),h # 6, (1.9)

€T ie’le
for all k-index setd"” or, equivalently,

1Rl <2 |k (1.10)

i€Te



Condition (1.9), while difficult to verify in practice, points to an important
property that the null space must possess. In order that the sample matrix be able
to reconstruct sparse signals supported on small indeXsét® null space must
counterbalance by being distributed through all indices. This is often referred to
as an uncertainty principle for compressive sampling. It suggests that the compo-
nents of the sampling matrix, rather than being highly structured to fit a particular
type of signal, should be chosen at random. We shall see that this insight is correct.

Exercise 4 Prove Corollary 1.

If we can show that the conditions of Theorem 2 are satisfied then we can
recover uniquely theé:-sparse signat: from the sample, by solving the mini-
mization problem

& = Argmin,e g, |21 (1.112)
Although, unlike/, (least squares) minimization, this problem has no analytic
solution, it can be solved by numerically efficient linear programming routines,
that are widely available.

This text is not meant to cover linear programming, but it is worth pointing out
that the/; minimization problem is equivalent to a linear programming problem.
To see this we first express thex n sampling matrix in terms of its row vectors
i

™
db=| : |, mER, i=1,---,m.
Tm
Then we can express tlfe minimization problem (1.11) as the linear program-
ming problem

minZuj, such that y; = r; -z, —u; <z; <wj. (1.12)
j=1

Similarly the (possibly overdetermined;) problem
mingep) ||y — @zl = minz ly; — 1 - x (1.13)
i+1
can be expressed as the linear programming problem
minZui, such that —wu; <y, — ;- x < ;. (1.14)
=1

10



In general, a linear programming problem is a maximization or minimimization
problem that can be expressed entirely through linear equations and linear in-
equalities. Such problems can be solved, for example, by the simplex method

.

Exercise 5 Show that the/,, minimization problems analogous to (1.11) and
(1.13) can be expressed as problems in linear programming.

1.3.2 Atheoretical structure for deterministic compressive sam-
pling

Instead of restricting to signals € R, that are strictlyk-sparse we will con-
sider the larger class of compressible signals, those that can be approximated by
elements ob2,. As a measure of the approximationzoby k-sparse signals we
adopt

or(x) :ZlenszHx—zHl. (1.15)
Exercise 6 We order the components .ofe R, in terms of the magnitude of the
absolute value, so that

Show thawy,(z) = > 7., [7i], i.e.,04(x) is the sum of the absolute values of

then — k smallest components of Show that
Argmin inf ||z — 2|, = 2F
z2E€X

wherez* has index sef” = {iy,i,,--- ,i,}. This shows that” is the closest
k-sparse approximation af with respect to thé; norm.

Exercise 7 If
z=(3,-2,6,0,3,—1,2,—5) € Rq,
findz* andoy(z) fork =1,2,--- | 7.
Clearly,or(x) = 0 <= x € ;. We could considet as a good candidate
for compression provided, (x) < e for some suitably smal. If = is compress-

ible but not exactlyk-sparse we cannot expect to reproduce it exactly, but we can
try to approximate it by &-sparse signal. (We assume that our decodeese
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designed to givé:-sparse reconstructions of) Let K be a compact set in the
signal spaceR,,, say a ball||z||, < C for some constant’. We can measure
the performance of a given encoder/decoder faih on K by determining the
maximum error in estimating any € K by A(®x) = A(y) € 3. We will use
the measure

En(K,p) = sup [[z = A(@)]], (1.16)
(Recall thatd is m x n.) Here,E,, (K, p) = 0 means that the error is

At this point we can give a precise description of the mathematical properties

that we want a encoder/decoder pair to satisfy. We say(thah) is Instance-
Optimal of orderk in the/; norm if there is a constardt > 0 such that

||z — A(®x)||; < Cop(x) = Cllx — 2|1, Vo € R,. (1.17)

Clearly, this is an important requirement for a encoder/decoder since it implies
that as the signals are increasingly;-compressible, i.e., as — 2* — 0, the k-
sparse output of the decoder is a better and better approximation of the signal. In
particular, ifz € ¥, then the decoder recoversNote thato, (h) = ||h — h¥||; =
Siere||h]1 whereT is the index set oh*. possible encoder/decoder pairs that
achieve the optimum.

Definition 1 Given a sampling matrixp, for eachk < m let p, > 0 be the
smallest constant such that||; < (1 + px)ox(h) for everyh € N(®). (Recall
that oy (h) = [|h — h¥ly = Sierelhal = |||y and ||l = [l + [Jhze]l;
whereT is the index set ok*.) If p, < 1 we say thatb satisfies thewll space
property for k-sparse signals.

It is possible thap, = oco. This happens when there is a honzéfsparseh €
N(®), a very undesirable feature for compressive sampling.

Exercise 8 Show that the null space property is equivalentie ||, < px||hze

1-
Exercise 9 Show thapp; < ps < -+ < pp <,---.

Exercise 10 Show thap,, = 1/\; — 1 where), = max;y|,=1,5 Ziese
maximum is taken over all-element index sets. Verify thatp, > 0.

h;| and the

It follows from (1.10) that ifp, < 1 then we satisfy the condition for uniquely
capturing a-sparse solution obz = y.
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Now we come to the essence of our problem. Suppose R,, is a signal
that we consider is “nearlyk-sparse and lef = ®x € R,, be its corresponding
sample. We define a decoder

A(y) = min [|z|}, = &
z,Pz=y

We want our decoder to capture the closesiparse approximation” to = and
ignore the smallest — k£ components.. Thus we want to guarantee that the de-
coder will yield a uniquék-sparse solution: that is as close as possible#o In
particular, ifz € 3, we wantz = z.

To clarify the situation we follow an approach similar to the proof of Theorem
2. Sincey = &z, there is a uniqué € N(®) such thatt = = + h. Sincez is a/;
minimum solution we must have

12l = [l + Rlly < [l2[h- (1.18)

Now let T} be the set of indices corresponding to thieargest components afin
absolute value. (Thug, is the index set af*.) Recall from the triangle inequality
la| = |(a+b) + (=b)| < |a+ b| + | — b, sO|a+b| > |a| — |b] and, by symmetry,
la + b| > |b] — |a|. Also, for any index sef’ andn-tuple z, let z; be the vector
with componentszr); = z; for i € T and all other components zero. Then

o+l =Y (zi+hal)+ > (i Ral) =Y (] = [al) + > (1hal = |])

€Ty 1i€T§ i€Tp 1€T§
(1.19)
= ([lzlly = |l = [lhz [[1) + (gl = [lwzgl]1)
= (llzll + [lhzgll) = Cllzgg |l + [lhn[1)-

Comparing the inequalities (1.18) and (1.19) and noting|that||; = ||z — ||,
we obtain

2 — ¥l > ||

1= Azl = (1 = pi)llhg 1 (1.20)

If ¢ satisfies the null space property then< 1 and we obtain

2 k
||hrglls < 1_pk’|$—flf |1
Sincez = x + h. it follows that
- 1+
12 = a[ly = [[~ll = [|hz [l + hzglh < (o + Dllhzglh < 29 _p’;\laf—x’“lh-
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Theorem 3 If ® has the null space property férsparse signals then

1
I — ally < 272

||z — 21, (1.21)

- Pk

The proof of the theorem shows that thesparse solutior: of the minimization
problem is unique, and allows us to get a bound on the error of reconstruction of
the nearlyk-sparse signat by 2. In particular, ifr = 2%, i.e.,z is k-sparse, then

x = Z. Itis still possible that there is more than ohsparse signal with sample

y even though any other solution doesn’t satisfy gheninimum property. In the

next section we shall see how that possibility can be eliminated.

133 RIP

Theorem 3 is an important theoretical result but it will not be of much practical
use unless we find methods for determiningnd for designing encoder/decoder
pairs withp, < 1 for £ small with respect ta. The null space property doesn’t
have direct intuitive meaning for us. A more intuitive concept is the Uniform
Uncertainty Principle or Restricted Isometry Property (RIP). &die our usual

m x n sampling matrix, For each we define the restricted isometry constént

as the smallest nonnegative number such that

(1= do)ll=[lz < @) < (1 +6)ll]l2 (1.22)

for all k-sparse signals, i.e.,x € ¥;. (Note that here we are using thenorm.)
Expression (1.22) captures in an efficient and easily understandable manner how
well the k-sparse signat is captured by the sample= ¢x € R,,. Indeed if

0, > 1 so that the left-hand term is 0 then we could have a nonzero signal that
produces a zero sample, so that we would have no capability of recapturing it.
Thus a desirable property for an encodey;is< 1.

Definition 2 ® has the Restricted Isometry Property (RIP) foif it has a re-
stricted isometry constant such thak §, < 1.

Another way to understand RIP is in terms of eigenvaluest i k-sparse
with index setl” then

|®z|[3 =< Prx, Pra >=< OL O, v >
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As pointed out in the proof of Theorem @*® is self-adjoint and positive def-
inite. Thus all eigenvalues;(T") of this square matrix are strictly positive and
Amin (T)|]2] 3 << ®8 Pz, 2 >< Apax(T)] || [3. It follows that

1 - 5k = Amin < Amax = 1+ 5k7 (123)

where the maximum and minimum are taken over all index Betsth < % in-
dices.

Exercise 11 Let ® be a sample matrix with identical columds= (c,c,--- ,¢)
where||c||; = 1. Show that; = 0.

Exercise 12 Use the eigenvalue property (1.23) to show that for any sample ma-
trix @ it is not possible fon, = 0if k£ > 2.

Exercise 13 Use them x n sample matrixp with constant elements;; = 1//m
andk-sparse signals such thats; = 1 for x € 7' to show that this sample matrix
is not RIP fork > 2.

If we have two signals:, ' € ¥, thenxz — 2’ may not bek-sparse, but it is
2k-sparse. Thugr — ') € ¥y, and

(1= dap)l|z — 2'l[3 < [|P(x — 2")][3 < (1 + 0an) |2 — 2|2 (1.24)

If x # 2/ then, to distinguish the signals, we must have < 1, i.e., ® must
satisfy RIP for2k. Moreover, forz very close tar’ in norm we want the samples
y = ®x andy’ = P2’ to be very close in norm, and this would be implied by
|0(z — 2)[[5 < (1 + o) |z — 2[|3.

It is worth pointing out here that the basic idea behind RIP is pervasive in
signal processing theory. For signals in Hilbert spaces the concept is called a
frame. Frames will be discussed in Secti®R. The concepts are not identical
because frames refer to vector spacesX@nis not a vector space.

Now we will show that the null space property can be implied by the more
intuitive RIP. Since RIP is expressed in termgpivhereas the null space property
is expressed in terms 6f, we need the result from Secti@f? that the norms of a
k-sparse signat satisfy the relatiod|z||; < ||z||1 < ||z||2/vk. Now suppose
satisfies RIP for some fixed fak. This will imply that for each samplg € R,,
there will be at most ong-sparse solution to y = ®x. In particularN (®) will
contain nok-sparse vectors.
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Now let us examine what RIP implies about the null space property. We want
to guarantee that for all-index setsT” the inequality| 7|1 < p||hr<||1 holds
for a constanp, < 1 and allh € N(®). We start by taking anjt € N(®). Our
approach will be to take the worst case possibleifothe T = T is the index
set of thek largest components df, in absolute value. We want to guarantee
that||hg, [|1 < pellhrel]i. Note that RIP applies only tb-sparse signals and, in
general, thé: is notk-sparse. In order to apply RIP we will decompdse as a
sum of signals.r,, each of which is at most-sparse. Noting that is ann-tuple
we use the Euclidean algorithm to write= ak + r wherea is a positive integer
and the integer is the remaindef) < r < k. We divide the indices of intoa+1
disjoint sets. The first séf, contains the: indicesi for which |h;| is maximal,
the setl’ contains the indices of the nektmaximal components, and so forth.
The last index sef,, contains the indices of the remaining- components, for
which |h;| is the smallest. Now lek;, be then-tuple such that the component
(hg,)i = h; fori € T, and(hT;)i =0 fori € Ty.

Exercise 14 Show that 1)y, € Xy, 2) hy, - hry =0 for ¢ £ /', and 3)

h=>Y hr, (1.25)
£=0

The following material is quite technical, but it leads to the easily understood
result: Theorem 4 with an upper bound for the consganih the null space prop-
erty as a function of the inde¥y in RIP. Lethr,r, be then-tuple such that
(hryur, )i = h; for i € T,UT; with all other components zero. Thug, r, € Yo.

We can apply RIP to eadhrsparse signat;, and from (1.25) we have

®(h) = ®(hnur) + > P(he,) = 6. (1.26)

(=2
Thus,

|®hryur |3 =< @hgyur,, — > Phy, >= =Y < Bhyy, Phy, > — Y < Ohyy, Ohy, >

j=2 j=2 j=2
SO

| ®hryor |3 <Y (| < Phay, ®hyy > | + | < Ohyy, Phy, > [). (1.27)

Jj=2

To obtain an upper bound for the right-hand side we need the following result.
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Lemma 1 Supposer, 2’ € ¥, with k-index setsS, S’ respectively and such that
S and S’ don't intersect. Let< -,- > be the/; inner product onR,,. Then
| < $a, D’ > | < 2691 ||z]]2]|2||2-

PROOF: Let
k= max | <Pz, 02 > |

|Iz[l2=I]"[|2=1

where the maximum is taken for dltsparse unit vectors with index setS and
k-sparse unit vectors with index setS’. Then, by renormalizing, it follows that
| < @z, 2" > | < k||z]]2 ||2']|2. Sincez + 2 andz — 2’ are2k-sparse and
|z &+ 2|2 = ||2||3 + ||#]|3 = 2, we have the RIP inequalities

2(1 = 0op) < ||@(2 4+ 2')|[3 < 2(1 + bap),
2(1 = d2¢) < [|(z — 2)[[3 < 2(1 + d21)-
From the parallelogram law fdk, see ??), we have
/ 1 / !/
< @z, >= 2([[@(z + ) — [|12(z = 2I[3),

so the RIP inequalities imply< &z, 2" > | < do. Thusk < do. Q.E.D.
Exercise 15 Verify the details of the proof of Lemma 1.

Applying Lemma 1 to the right-hand side of (1.27) we find

| @hayum |5 < Gor([[hny||2 + [Py ]|2) (Z H%Hz) : (1.28)
j=2

On the right we use the standard inequallity:, || + | |7, |2 < v2||hnyur |
(?7), and on the left-hand side we use RIP 2érto obtain

2, S€e

(1 = da)|Ihzyum |13 < [|®hnum |5 < V200 [hayun |2 <Z HthHz) 7

=2

SO

V202,
Izl < 7= ;;k > Il (1.29)
(=2

Now for some tricky parts and the reason that we have choséh theputting
the indices ofh in decreasing order of magnitude.
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Lemma 2

HhTZHQS 6227"'70"

1
ﬁHhTeﬂHlv

PROOF: For any € 1, € Ty_1, we havelh;| < |h;|, so|h;]| is also bounded by
the average of thg:;| asi ranges ovetl;_;:

1
EE N

€Ty

Thus )
> ity |l
b3 = 3 Il < & (T .
JET,
Taking the square root, we hayér,||» < ||hr,_,||:/Vk. Q.E.D.
From the lemma we have

a—1

ang 25 g ||y < (k I/QZthHI— )12 e,

(=1

which gives an upper bound for the right-hand side of (1.29). Rtbm||, /vE <
||hz,||2 We get a lower bound for the left-hand side of (1.29)7||:/VEk <
l|h1y |2 < ||hryur ||2- Putting this all together we find

V2 52k;
1-—

Az |l < Izl

= prllhrellx (1.30)

To guarantee the null space property we must have 1.

Theorem 4 A sufficient condition for the null space property to hold and for each
classF'(y) to contain at most ong-sparse signal is that RIP holds fak-sparse

signals with
V204

< 1.
1 — oy,

Pr =
It follows that if 0y, < 1/(1 + v/2) =~ 0.4142 then the null space property is

satisfied.

Exercise 16 If 65, = 1/4 for somek and the sample matrig, verify from Theo-
rem 1.21 that the estimatgt — x||; < 5.5673||x — z*||; holds for the approxima-
tion of a signalr by ak-sparse signat:.
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Many different bounds fop, can be derived from RIP using modifications of
the preceding argument, but the result of Theorem 4, due to&aawd Tao, is
sufficient for our purposes. The point is that for a givenx n sample matrix

® we would like to be able to guarantee the null space property & large as
possible, and for a giveh we would like to design appropriate sample matrices
with m as small as possible.

1.4 Probabilistic Theory

For practical computation of sampling matrice$or compressive sensing we em-
ploy a probabilistic approach. Rather than designing a sampling matrix especially
adapted for a given type of signal, we chose a general purpose sampling matrix at
random. To motivate this approach we recall from Section [] that all eigenvalues
Xi(T) of the self-adjoint matrixp': @ are strictly positive and

1_5k:Amin§)\maX:1+6k

where the maximum and minimum are taken over all indexBetgh #(7') = k.
Thus RIP is satisfied provided(T) ~ 1. This means thab’ ®, must be close
to theT" x T identity matrix for everyk-index setl’. Thus the column vectors
of the sampling matrix> = (cy,- - - , ¢,,) should satisfy;, - ¢;, ~ 0 for j; # jo
andc; - ¢; ~ 1 to obtain RIP. We want each column vector to be approximately an
/5 unit vector but distinct columns should be nearly orthogonal, i.e., uncorrelated.
One way to try to achieve this is to choose the element$ afs independent
samples from a probability space with mean 0 and standard deviation 1.

We recall some basic definitions from probability theory. A continuous proba-
bility distribution for the random variableon the real lineR is a continuous func-
tion p(¢) on R such thad < p(t) < 1and [~ p(t) dt = 1. We also require that

f_oooo p(t)p(t) dt converges for any polynomialt). Herefttl2 p(t) dt is interpreted
as the probability that a samplg¢aken fromR falls in the intervalt; < ¢t < t,.

The expectation (or meam)of the distribution is = E,(t) = [~ tp(t) dt and
the standard deviatian > 0 is defined by

o= [0 di = B, (11— 9?).

Hereo is a measure of the concentration of the distribution about its mean. The
most famous continuous distribution is the normal (or Gaussian) distribution func-

19



tion
polt) = ——e /20" (1.31)
oV 2

where is a real parameter angd > 0. This is just the bell curve, centered
aboutt = p. In this caseE, (t) = p ando? = E, (¢*). In Section§?? the
normal distribution has already arisen through its connection with the Heisenberg
uncertainty principle.The standard notation for the normal distribution with mean
w and standard deviationis N (p, o).

Now suppose we choose each of the matrix elements oft = (®;;) =
(tij), 1 < i <m,1 < j < n,independently from the population with normal
distribution N(0,1/y/m). Thent = (¢;;) is a matrix random variable oR,,,,
with probability density function

At) = (22)™/2 exp (—%ZZTZJ?:”H ) : (1.32)

27T jil lj

Given any functionf(t) € L,(R,.., A) we define its expectation by
fO = B = [ roam, d,

Note that¥ is linear, i.e.,
E(afi(t) + Bf2(t)) = aE(f1(t)) + BE(f2(t))
for real parametera, 5. Further we have the properties
E(1) =1, E(tijj,tisjs) = 0iyin0jrin/ M. (1.33)

The second identity is a consequence of the property that two distinct matrix ele-
ments of® are uncorrelated.

Now let = be ann-tuple and choose the matrix elementstoindependently
from the normal distributioV (0, 1/1/m) as just described. Then
Ea(||®2|?) = Ea(< ®F®ra,x >) = SZ1E] o w25, Baltiy tiy,) = loll7
Thus, if @ lies sufficiently close to its mean value then it will satisfy RIP. In this
chapter we will show that for sufficiently large with respect ta the probability
that the random matri¥ lies very close to the mean and satisfies RIP is near
certainty. Such random matrices are relatively easy to construct. Even standard
spreadsheets will do the job.
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Another simple means of constructing random matrices that might satisfy RIP
is through use of the distributign (¢) on R:

pl(t):{ BoJasi<yE (1.34)

otherwise.

Here,

|

= Epl(t> =0, o = By, (t2) = -

We choosed;; = t;; wheret = (¢;;) is a matrix random variable oR,,,, with
density function

mymn/2 6 [3 <4 3 .
A(t) = { (15) if \/; §0 ti; < \/;for all i.j (1.35)

otherwise.

Given any functionf(t) of themn components of we define its expectation by

FO) = Bu(f®) = [ F©)A(0IL,, dt.

Rmn

Again we findE,, (||®z||3) = 1 so these random matrices appear to be good
candidates to satisfy RIP for large A related construction is where each column
vector®; of the sample matrix = (®;;) is chosen randomly as a vector on the
unit m- sphereS upn e = H(I)]-H?én = 1. Each unit column vector is chosen
independently of the others. Here the probability density is just the area measure
on then-sphere. In this case

H@xuzm =37 ||z ®; Hem =37 27| D; Hém + 251 <jcrcn®jTe < Dy, By >
(1.36)
= ||1‘H§g + 21 <jco<n®iTy < P, Py >pm

Since the unit vector®; and ®, are chosen randomly on the unit sphere and
independently ifj # ¢, the inner product. ®;, &, >~ will be a random variable
with mean0. ThusE([|®x|[?.) = ||z|[7;, and this is another good candidate to
satisfy RIP.

A third method of construction is in terms of the discrete probability measure

5, t=d=1
_ 29
pa(t) = { 0 otherwise. (1.37)
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We define the expectation of any polynomét) in ¢ by

B(t) = By (p(t) = ~Seip(t).

2
Here,t = 0 ando? = E,,(t*) = 1. In this case we choos®;; = ¢;;//m where
eacht;; is obtained by a “coin flip”. Given any polynomial functigrit) of the
mn components of = t;; we define its expectation by

p(t) = E(p(t) = Z%Etij:ﬂp(t» (1.38)

Again F is linear and we have the properties

E(l) - 1, E(tiljltizh) - 5@'11'26]' (139)

12"
Further,E,, (]|®z||3) = 1 so these random matrices are again good candidates to
satisfy RIP for largen.

1.4.1 Covering numbers

In the preceding section we have exhibited three families of random matrices
such that for any reat-tuple = the random variablﬁd)xH%gn has expected value
E(||®2|[7) = ||7|[Z;. In order to prove RIP for matriceB so chosen we need to
show that this random variable is concentrated about its expected value. For this
we will make use of the concentration of measure inequalities

Pr (| ll0alif — llelif | = ellalf)) < 20790, 0<e<1.  (1.40)

The left hand side of the inequality is the probability thi@x |7, — [|z|[7, >
e||x||§g, where the probability is taken over atl x n matrices® in one of the
three families. Here(e) > 0 depends only or. Relations (1.40) quantify
the degree to which each of the probability distributions is concentrated about its
expected value. 1§??we will derive (1.40) for each of the three families and give
explicit expressions fofy(¢). Here we assume these results and proceed with the
verification of RIP.

Our proof, taken from [], makes use of an estimate for the number of closed
balls of radius) that are needed to completely cover the unit balicentered at
the origin in N dimensional Euclidean space. (The ball of radigegntered at the
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originis B, = {x € (Y : ||z|| < r}.) This geometrical result is particularly in-
teresting because it has applications to many practical problems concerning high
dimensional spaces, such as point clouds and learning theory, as well as compres-
sive sampling.

Let S be a closed bounded subset®fdimensional Euclidean space. We
define the covering numbeX/'(S,7) as the smallest number of closed balls
Di(n), -+, D,(n) of radiusy that are needed to covér S C U:_, D;(n). There
is no explicit formula for this number, even for the unit bél= B;. However, it
is relatively easy to derive an upper bound Aé( By, ) and that is our aim.

We say thain pointsz(V) - .. 2™ in S aren-distinguishable if
2@ — 20)|| > nfori # j. We defineM(S,n) as the maximal number of-
distinguishable points i§. SinceS is closed and bounded this maximum exists,
although the points® are not unique.

Lemma 3
M(S,2n) < N(S,m) < M(S,7).

PROOF: For the right hand inequality, note thatif= M (S, n) then there exist
m pointsz® ... 2™ that arenp-distinguishable irb. By the maximality ofimn it
follows that any: € S satisfieg|z —2(|| < » for somei. HenceS C U, D;(n)
andN (S, n) < m.

To prove the left hand inequality we use the pidgin hole principal. Met
M(S, 2n). Then there exist/ pointsz™®), - - | (™) in S that are2n-distinguishable.
If M(S,n) < M thenS is covered by fewer thai/ balls of radius;. If so, at
least two of theM distinct pointsz®, 2(7) must lie in the same balD,,(r) with
centerh. By the triangle inequality

I — 29| < |29 — hl| + [lh = ]| <+ = 2.

However, this is impossible sina¢”) andz) are2n-distinguishable. Henckl <
N(S,n). Q.E.D.

Theorem 5 For the unit ball B; in N dimensional Euclidean space and ahy
n < 1, we have
(1/2n)N < N(By,n) < (3/m)".

PROOF: Ifm = M(Bj, n) there must exist: n-distinguishable pointg, - - ., (™)
in B;. By the maximality ofm it follows that any point: € B; satisfieg||z —
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z®|| < n for somei. Hence, ifD;(n) is the ball of radiug; centered at:"),
we haveS C U, D;(n) and 7~ 1V( ;) > V(B,) whereV (D) is the vol-
ume of the ballD. SinceV (D;) = ¥V (B;) we findmn™ > 1. This implies
(1/m)™ < M(By,n).

On the other hand, we can construct bdllgn/2) about eache”). If z €
D;(n/2) then, sincer = (z — 2) + 2\, we have

w

2] < [le =2V + ]2V < 5 5 D1

l\')

Thus each balD;(n/2) is contained in the balB;,. Further, since the: points
+ aren-distinguishable, no two of these balls overlap. ThEsé?j V(D;) <
V(Bs/,) whereV (D) is the volume of the balD. SinceV (D;) = (n/2)NV (By)
andV (Bs)s) = (3/2)NV(By) we haven(n/2)" < (3/2)". ThisimpliesM (B, n) <
(3/n)N. The theorem is now an immediate consequence of Lemma 3. Q.E.D.

Lemma 4 Let® be anm x n matrix whose matrix elemends; are drawn ran-
domly and independently from a probability distribution that satisfies the concen-
tration of measure inequality (1.40). L&tbe an index set with:(T') = k£ < m,

and X1 be the set of alh-tuplesz with index sefl”. Then for any) < § < 1 and

all x € X1 we have

(1 =)zl < [|®[lep < (1 = 0)[|2[ley (1.41)

with probability at leastl — 2(12/4)kec®/2m,

NOTE 1: Although this result appears to be RIP, it is not. First of all, the lemma
applies only tok-sparse signals with a specific index sef’, not to all k-sparse
signals. Secondly the inequalities (1.41) do not hold in general, but only with a
guaranteed probability. The lemma says that the probability of failure of (1.41) to
hold is bounded above [®(12/§)*e—(/2™ This will be a practical method for
constructing sample matrices only if we can show that this bound is so close to O
that failure virtually never occurs.

NOTE 2: The proof of the lemma and results to follow depend on a simple but
basic result from probability theory, the union bound. We sketch the derivation.
Suppose(A™M) is the probability that inequalities (1.41) fail to hold for= 2"
andp(A®) is the probability of failure for: = 2(2). Then

PAD) = p(AD 1 AR 4 (A 1 AD),
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i.e., the probability of failure for:(") is the probability of simultaneous failure for
(M and success for® plus the probability of simultaneous failure for batt)
andz®. Here,0 < p(C) < 1 for all these probabilities. Similarly we have the
decomposition

p(A?) = p(A(l)c NA®) 4+ p(AD N A,

The probability that there is failure for at least onertf, 2(?) is denotegh(A™M) U
A®) and it has the decomposition

p(AD U AP = p(AD N A(2)C) +p(A(1)C NA®)) + p(AD N AP,

i.e., the probability of simultaneous failure fof") and success for?, plus the
probability of simultaneous success ot and failure forz(, plus the probabil-
ity of simultaneous failure for both® andz(?. Comparing these identities and
using the fact thap(A™ N A®) > 0 we obtain the inequality

p(AY U A®) < p(AV) + p(AD),
By a simple induction argument we can establish
Lemma 5 (union bound p(A®M U A® ...y AM) < Z?le(A(i))_

Thus the probability that at least onefokvents occurs is bounded above by the
sum of the probabilities of occurrence of each of the events separately.

PROOF OF LEMMA 4: We can assunfie||,; = 1 since this can be achieved for
any nonzerar by multiplying (1.41) by1/||z||;. Now consider a finite seDr

of n-tuplesq, - - -, ¢!, such that), is contained in the unit ball ik, i.e.,
¢ € Xy and||q”||,; < 1. We choose these vectors such that the unit batlin
is covered by the closed ball3,, - - - , Dx whereD, is centered a® and has
radiusd/4. Thus, ifz € X with [|z||; < 1 then there is some poigt!) € Qr
such that

[l = qVlleg < 6/4.
From Theorem BV (By,/4) < (12/6)*, so we can requirg:(Qr) < (12/delta)*.

The concentration of measure inequality (1.40) can be written in the form

(1= ollzllyy < llPallip < A +ollzlll, 0<e<t, (1.42)
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with probability of failure bounded above Ry—"<(), Now we set = §/2 and
use the union bound fa§(Qr) events to obtain

(1—6/2)llllzy < 1@l < (1+6/2)[zlly], forallq € Qr

with probability of failure bounded above B(12/5)ke~™<«(%/2), We can take
square roots on each side of the inequality and use the factd thai/2 <

Vv1—9d/2and/1+§/2 <(1+d/2for0 < /2 < 1to obtain
(1= 0/2)[|zlley < ||P[ley < (1+0/2)||2llez], forall g € Qr

with the same probability of failure as before.

We have verified (1.41) far € Q7. We extend the result to anyin the unit
sphere ofX; by using the fact thatx — q||,; < /4 for someq € Q. First we
prove the right hand inequality. let be the smallest number such that

|19z]|gp < (14 A)l|z|lep (1.43)

5 —

for all x in the unit sphere oK. (Since this sphere is closed and boundédjust
exist and be finite.) Choosing any sucln the unit sphere, and approximating it
by ¢ as above, we find

10| < [|qlley +[|2(z = g)lley < (1+6/2)[glleg + (1 + Al — glleg

<14+6/2+(1+ A)d/4.

SinceA is the smallest number such that (1.43) holds we Havel < 1+4§/2+
(1+ A)d/40rA<(306/4)/(1 —4/4) < 6. (This last inequality follows from a
simple calculus argument and verifies the right hand side of (1.41).) The left hand
side of (1.41) follows from

|19z]|ep = [|Pgllep — [|P(z = @)llep = (1 =0/2) = (1+0)0/4=1—0.
Q.E.D.
Theorem 6 Let ® be anm x n matrix whose matrix elements;; are drawn
randomly and independently from a probability distribution that satisfies the con-
centration of measure inequality (1.40). Let< § < 1. Then there exist con-

stantscy, c; > 0, depending only o, such that for allk-sparse signals: with
1 <k <mandk < c¢;m/In(n/k) we have

(1= 0)llley < [|®[lep < (1 = 0)[|2lley (1.44)

with probability of failure bounded above ly™.
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PROOF: From Lemma 4 we have established (1.44) fok-albarse signals <
X, with failure probability bounded b3(12/6)ke~m<(/2) We employ the union
bound to establish the result for &Hsparse signals. There are

(+) =5 = 3

possible index sets, where the last inequality follows from Stirling’s formula [].
Therefore, (1.44) will fail to hold for alk-sparse signals with probability bounded
by

en

2(—-)"(12/0) e 2 = exp (~meo(60/2) + kin(en/k) +n(12/8)] +1n2).

To finish the proof we need to find a constansuch that

n In2
E) + 1+ 1In(12/4)] — - (1.45)

If we limit £ to values such that < ¢;m/In(n/k) for some positive constant
then (1.45) will hold if0 < ¢5 < ¢o(3) — 1 (1 + %). (Here we have used
the boundn 2 < k.) By choosing the positive constant sufficiently small we

can guarantee that > 0. Q.E.D.

) k
0< Co S C()(E) — E[ln(

1.4.2 Concentration of Measure Inequalities
The normal distribution

We proceed with the derivation of the concentration of measure inequality (1.40)
for sample matrices chosen by means of the normal distributiéi 1//m).
Then® =t = (¢;;) is a matrix random variable aR,,,,, with distribution function

27T ]:1 Zj

We chose am-tuple x with ||z|[;» = 1 as signal and determine the probability
distribution function for the random varialjl®x| |7, = >, (375, tijz;)*. First
we determine the cumulative probability function febz||sn, i.e.,

m.mn M i j=n
P(r) =Pr (||(I)£L'||g5n < 7') = (%) /2 /|q) e exp (‘521‘:1 ELJ%) dt
x [577,77'
(1.47)

27



wherer > 0. This multiple integral appears difficult to evaluate because of the
dependence on the vecter However, there is rotational symmetry here so that
P(r) is the same for all unit vectors To see this, note that we can use the Gram-
Schmidt process to construct an orthonormal b&sis), 0@ ... O™} for ¢3
such thatO) = z. Then then x n matrix O whosej-th row is OY) will be
orthogonal, i.e.,

oM

0@
O = ) = (0y), 00" =1

Oin)
wherel is then x n identity matrix. Using well known properties of the determi-
nantdet(A) of the matrixA we have
1 = det(I) = det(OO™) = det(O)det(O%) = (det(0))?,

sodet(O) = 1. Now we make the orthogonal change of variables,
EjzztikOjka t=1,--- m, j=1,---,n,
k=1

so that, in particular|,]®:c]\§5n = Y™, T2. SinceO is orthogonal this coordinate
transformation preserves the sum of squares
SIEPSISITE = SIS (1.48)

J=1"ij"
Exercise 17 Verify the identity (1.48).

Furthermore, the Jacobian of the coordinate transformation has deteriistaox)|™,
so its absolute value is. Thus via the standard rules for change of variables in
multiple integrals we have

m

P(r) = (2Lymn/2 (—Tz?imzfiinT?) JT.
=Gt [ e (-gEEnT:

Here the region of integration isco < T;; < oo for j # 1, so we can carry
out m(n — 1) integrations immediately. For the remaining integrations we in-
troduce spherical coordinatds, = rw; where) " w? = 1, i.e. ris ara-
dial coordinate andws, - - - ,w,,) ranges over the unit spheresim-space. Then
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dT = r™ ! dr dQ, whered( is the area measure on the sphere, 8fid77; = r?.
Thus

VT , mr/2
P(1) = c/ e 2pm=l gy = c’/ e BRM™/2=D 4R
0 0

where( is a positive constant. The easiest way to comptts to note that

P(+00) = 1, sod = 1/T'(m/2) by the definition of the Gamma function.
Now P(7) = [, p(a) da wherep(r) is the probability distribution function for
][, SO

_ (m/Q)m/Q m/2—1 _—mt/2
( )—WT 2lemmT/2, (1.49)

This is a famous distribution in probability theory, the Chi-square (or Gamma)
distribution.

Exercise 18 Verify that £(||®z||x) = [;° 7p(7) dr = 1 by evaluating the inte-
gral explicitly.

We need to make use of a form of the Markov inequality, a simple but powerful
result from probability theory.

Theorem 7 Let X be a nonnegative random variable with continuous probability
distribution functionp(z) and letd be a positive constant. Then

Pr(X >d) <

1
< ZB(X). (1.50)

PROOF:

BE(X) = /O " ap(@) do = /0 dxp(x) dx + /d " ap(a) da

Z/dep(x) dm+d/doop(:p) ded/doop(x) dr = d Pr(X > d).

Q.E.D.

Now we are ready to verify the concentration of measure inequalities for the
probability distributionp(7) of the random variablé& = H<I>:c||§gl with £(X) =
1. For anye > 0 us first consider

Pr(X — E(X)>¢) = /ETXH p(T) dr.
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We will use the idea that leads to the famous Chernoff inequalityxLet0 and
note that

Pr(X — E(X) > ¢) = Pr(X > E(X) + €) = Pr(e"¥ > uEX)+9)

= Pr(e"X—EX)=9 5 1),

This is because the exponential function is one-one and order preserving. Thus,
applying the Markov inequality to the random variable= e“(X~F(X)=9) with
d=1andE(X) = 1we have

Pr(X—E(X) > ¢) < E(e"X-PX)=9) = / T (1) dr = e I B (e,
0

for u > 0. Using the explicit formula (1.49) fgs(7) and assuming < u < m/2
we find
(m/2)"

D= G =

(1.51)

Thus
(m/2>m/26—u(1+e)

(m/2 — u)m/?
forall 0 < u < m/2. This gives us a range of inequalities. The strongest is

obtained by minimizing the right hand sideudnA first year calculus computation
shows that the minimum occurs far= me/2(1 + €). Thus

Pr(X —1>¢) <

Pr(X —1>¢€) < [e (1 +¢)]™? < e ™E/4=¢/6), (1.52)

Exercise 19 Verify the right hand inequality in (1.52) by showing that the maxi-
mum value of the functiofi(e) = (1 + ¢) exp(—e¢ + ¢2/2 — ¢3/3) on the interval
0<eisl.

For the other inequality we reason in a similar manner.
Pr(X — E(X) < —¢) = Pr(etPH)=X=9 5 1) < cull=0 g(euX),
for u > 0, so from (1.51),

(m/2)""

Pr(X — E(X) < — u(l—e) V2
r( (X)<—¢)<e (/2 1 )T
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For0 < e < 1 the minimum of the right hand side occursiat me/2(1 — ¢) and
equals|(1 — €)e]™2, smaller than the right hand side of (1.52). Indeed

Pr(X —1 < —e) < [(1 — e)e]™? < e7™(/4=¢/6), (1.53)

We conclude from (1.52), (1.53) and the union bound that the concentration of
measure inequality (1.40) holds with = ¢*/4 — €3 /6.

Exercise 20 Verify the right hand inequality in (1.53) by showing thdgt) =
(1 —€)e+</2=/3 < 1for0 < e < 1.

The coin flip distribution

For the coin flip (Bernoulli) distribution we choose the sample matrixdzja=
t;;/+/m where thenn random variables;; take the values1 independently and
with equal probabilityl /2. The expectation is now given by the sum (1.38) and
has properties (1.39). if is ann-tuple with||z|[,» = 1 then

Note that each of the random variabl@gz) has mean, i.e..F£(Q;(z)) = 0 and
varianceE ((Q?(x)) = 1/m. One consequence of this and (1.54Fg|®z||?) =
E(1) = 1. Since for anye > 0 we havePr(||®z|7, — E(||®|*) > ¢) =
Pr(X,Q?(z)—1 > ¢) the concentration of measure inequalities for the Bernoulli
distribution reduce to properties of sums of independent, identically distributed,
random variables.

We follow the treatment in []. Just as with the normal distribution, we make
use of the Markov inequality and introduce a parameter 0 that we can adjust
to get an optimal inequality. Now

Pr(X,Q%(x) —1>¢) = Pr(e“ZQ?(m) > e“(HE)) = Pr(H?ile“Q%(x) > e“(1+6))

= Pr(e*u(lﬂ)nzlleuQi(w) > 1) < efu(lJre)H?;lE(equ(x))’

where the last step is the Markov inequality. Finally we have
Pr(Sf,Qf(z) =12 ) < e "(HIE(em @), (1.55)
since the));(z) are identically distributed. similarly we have

Pr(S7,Q%(z) — 1 < —¢) < "0 [B(e @@, (1.56)
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Returning to inequality (1.55) note that

E(e“QM):E(i le iZ— E(Qi(x)™),  (157)
k=0

k=0

where the interchange in order of summation and integration can be justified by
the monotone convergence theorem of Lebesgue integration theory. Thus, to
bound (1.55) it is sufficient to bound(Q, (x)*) for all k. However, in distinction
to the case of the normal distribution, the boundsA¢e“@i(®)) and E(Q; (x)?*)
depend orx. Thus to obtain a concentration of measure inequality valid uniformly
for all signals we need to find the “worst case”, i.e., to determine the vectow
on the unitn-sphere such thak(¢“?1)) is maximal. We will show that this
worst case is achieved far = (1,1,--- .1)/y/n).

We focus our attention on two components of the unit veetdy relabeling
we can assume they are the first two components a, z, = b, so thatQ);(z) =
(aty; + btia + U)/\/_ whereU = ¥7 3xjt1] Letz = (c,c,x3, -+ ,x,) Where

c = /(a*+b?)/2. Note that|z||; = 1, i.e.,2 is also a unit vector.

Lemma6 Fork = 1,2, --- we haveE(Q; (z)%*) < E(Q,(#)%). ThusE(e"?i(®) <
E(e"@i@),

PROOF: We fixU and averagé),(1))** — Q.(x)** over the four possibilities
t11 = *+1,t;, = £1. This average i$,/4m* where

S = (U420)** 42U +-(U—2¢)* —(U+a+b)*  —(U+a—b)** —(U—a+b)** — (U —a—b)*

We will show thatS;, > 0. To see this we use the binomial theorem to expand
each term of5;, except2U?* and regroup to obtain

Sy = 22U + %2k ( 2k ) U*=ip,,
D; = (2¢)" + (—2¢)" — (a +b)" — (a — b)" — (—a + b)" — (—a — b)".

If i is odd it is clear thaD; = 0. If i = 2j is even then sincec®> = a? + b* and
2(a* 4+ b*) = (a + b)* + (a — b)* we have

Dy; = 2(2a* +20*) — 2(a +b)¥ —2(a —b)¥ =2[(X +Y) — X! — Y7,
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whereX = (a+b)% Y = (a—b)?. Itis an immediate consequence of the binomial
theorem thatX +Y)’ > X7 + Y7 for X,Y > 0. ThusD,; > 0 and

2k

Sk =20 +3h, ( 2] ) U= Dy > 0.

To compute the expectations(Q,(z)*), E(Q:(2)%*) we can first average
over ti1,t;o as above and then average ovér This process will preserve the
inequalityS;, > 0 so we havel(Q,(z)?*) < F(Q,(%)%*). Q.E.D.

If = is any unit vector with two components that are not equal, :say-=
a,ro = b with a # b then we can use Lemma 6 to obtain a new unit vector
i =(c,c a3, x,) such thatE(e"Qi(®)) < E(ev@i(®), Proceeding in this way
it will take at mostn — 1 steps to construct the unit vector= (C, - -- , C') where
C = 1/\/n andE(e"?i®)) < E(e»Q1)), If all components of: are equal then
r = +w andQ?(+w) = Q*(w). Thus the “worst case” is achieved for= w.

For the worst case we ha¥g (w) = Q = (11 + - - - + 7,,)/+/n Where ther;
are independent random variables each taking the vatugg/m with probabil-
ity 1/2. Substituting this expression f@}, in (1.57) and using the multinomial
expansion we can obtain an expression of the form

E(GUQQ) = Ekh...’ankL...anukl—"_m—"_k”E(Tfl s T;f")
where thek; range over the nonnegative integers dng .. ,, > 0. Moreover
E(rf*---7f) = 0 if any of thek; are odd. Thus the only nonzero terms are of
the form

B(ri 2y = Wiy f B(77) = Wy n B(729)
where the/; range over the nonnegative integers ansla single random variable
taking the valuest1//m, each with probabilityl /2. This is because the are
independently distributed. (Note thahas mean 0 and standard deviatigR/m.)
We conclude that the value (ﬂ’(e“Q2) is uniquely determined by a power series
in the valuest(7%) for k = 1,2, - - -, such that all terms are nonnegative:

B(e"Y) = Sy, oo g oty o g OB L B(7) (158)

We will not attempt to evaluate this sum! What we need is an upper bound and
we can get it by comparing this computation with corresponding computations for
the normal distribution. There we had = ||®x|[7, = X, Q7 (z) with Q;(z) =
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% x;tij, where thet;; are independently distributed normal random variables
with distribution N (0, 1/4/m). In that case we found, using spherical symmetry,
that E(e*?:)) was independent of the unit vectarThus we could choose= w
without changing the result, and we could wrife = Q = (t; + -+ + t,)//n
where thet; are independently distributed normal random variables each with
distributionN (0, 1/+/m). Then the expansion fdt(e“?”) would take exactly the
form (1.58), with the same coefficients,, ... »,, and with E(7*/m*) replaced

by E(t*). A straightforward computation for the normal distribution yields

(2k)! 1
El(2m)k = mk’

B(*) = (1.59)

whereas, since? = 1 we haveE (7% /mF) = 1/mF. ThusE(7%* /mF) < E(t%*),
S0 [E(e“@i®)]™ from (1.55) is bounded by the corresponding expression (1.51)
for the normal distribution

m/2
Exercise 21 Derive (1.59).

A similar argument give& (Q?*(x)) < (2k)!/k!(2m)*.
Using the techniques for the Chernoff inequality we achieve the same estimate
as (1.52) for the normal distribution,

Pr(||®x][fp — 1> €) < [e (1 +)™/? < e /40, (1.61)

Rather than follow the exact same methodI?m(HCI)xH?én — 1< —¢),(1.56), we
recast this inequality in the form

Pr(||®z

= 1< —€) < e"0TIB(e )™ < (1.62)

"0 E(1—uQi () + 5 Q1 () /2] = 0L —uB(Q} () + 5 E(@1 (@)™

taking advantage of the fact that we are dealing with a convergent alternating
series. Now alway® (Q%(z)) = 1/m and E(Q%*(x)) < (2k)!/k!(2m)*, a bound
for the right hand side of (1.62) is

2 u(l—e u 3uzm
Pr([|®z|[7, —1 < —e) < e )[1_E+ﬁ]’ 0<u<m/2. (1.63)
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Just as in the derivation of (1.52) we make the substitutienme/2(1 + ¢), not
optimal in this case but good enough. The result, after some manipulation, is

Pr(||®a|[fp — 1 < —€) < e (/470 (1.64)

It follows directly from (1.61), (1.64) and the union bound that the concentration
of measure inequality (1.40) holds with = €*/4 — €3/6, the same as for the
normal distribution case.

Exercise 22 Verify the right hand inequality in (1.64).

The constant distribution

A modification of the method applied to the Bernoulli distribution will also work
for the constant distributiop, (¢) on R:

p1<t>={ Booymsisyi (1.65)

otherwise.

Here, the sample matrices are defineddhy = ¢;; wheret = (t;;) is a matrix
random variable o®,,,,, with density function

ﬂ mn/2
As(t) = { ) if — \/> <t < \/>for all 7.5 (1.66)

otherwise.

A function f(t) has expectation

f(t) = Ep (f(t) = ; f(8) A (8)IL; dt.

HereQ;(r) = X%_,z;tij and we taker to be a unit vector. Much of the derivation
is word for Word the same as in the Bernoulli case. Just as in that case the bounds
for £(e*Qi(®)) andE(Q; (x)?*) depend on:. To obtain a concentration of measure
inequality valid uniformly for all signals we need to find a “worst case” vector
z = w on the unitz-sphere such tha (¢“@i®)) is maximal.

We focus our attention on two components of the unit vectdy relabeling
we can assume they are the first two components a, z, = b, so thatQ),(z) =
(ati1 + btig + U) whereU = X7 _xjty;. Letd = (c,c, 13, ,z,) Wherec =
v/ (a* +b%)/2. Note that|||[,» = 1, i.e.,2 is also a unit vector.
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Lemma 7 Supposexb < 0. Then fork = 1,2,--- we haveE(Q,(z)*) <
E(Q,(2)%), and E(e“?1®)) < E(e Qi@ if 4 > 0.

PROOF: We fixU and averag€), ())?* — Q:(z)** over the range-/3/m <
ti1,t1e < \/3/m, i.e. we integrate over this square with respect to the measure
12dty,dt12/m. This average i8S, K2 /(2k+1)(2k+2) whereK = /3/m, V =
U/K and

1
Sk — 6_2[(‘/ + 20)2k’+2 _ 2V2k+2 + (V _ 20)2k+2]

1
——l(V+a+t L)*T2 — (V4a— b2 —(V —a+b)* 2 4 (V —a—0b)*7.

We will show thatS, > 0. To see this we use the binomial theorem to expand
each term of5;, except2V/?* and regroup to obtain

S, = R+ < 2k +2 > y2k+2—ip).
1= Z (2

1 . . 1 . . . .
D; = C—Q[(Qc)’ + (—2¢)"] — %[(a +b)'—(a—0)—(—a+b)"+ (—a—0b).
If i is odd it is clear thaD; = 0. If i = 2j is even then sincec®> = a? + b* and
2(a* 4+ b*) = (a + b)* + (a — b)* we have

{20+ D)% = 2(a— b)) = 2((X +Y) - X7 -V,

whereX = (a+0)%Y = (a—b)?. If ab < 0 then—= > 0 and(a+b)* > (a—b)?,
soD,; > 0and

Dy; = 4(2a* +20*) 71 —

Sk = Z?:l ( 21{32;_ 2 > 2k J)D > 0.

To compute the expectations(Q,(x)*), E(Q:(2)%*) we can first average
over ti1,t;o as above and then average ovér This process will preserve the
inequalityS;, > 0 so we havel(Q,(2)?*) < E(Q,(%)%*). Q.E.D.

Since||®x||* = ||®(—z)||* we can always assume that the unit veattias at
least one component > 0. The lemma shows that the “worst case” must occur
for all z; > 0. Now, assume the first two components afe= a > 0,2, =
b > 0,s0Q(x) = (atyy + bt1z + U) whereU = Y% _sx;ti;. Then we can write
a = rcosf, b = rsinf wherer > 0 and0 < 6 < w/2. we investigate the
dependence aof (Q%(z,)) ond for fixed r. Herez, is a unit vector for alb.
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Lemma 8 Let f.(0) = E(Q%(xg)). Then

>0 for0<6<m/4
fr(0) ¢ =0 forf=mn/4
<0 form/4 <6 <m/2.

It follows from this result and the mean value theorem of calculus that the “worst
case”is againv = (1,1,---,1)/y/n.

PROOF: We fixU and average),(xy)** over the range-/3/m < ti1,t12 <
\/3/m, with respect to the measuredt, ; dt,,/m This average i¢S, (r K)* /(2k+
1)(2k + 2)? whereK = /3/m,V = U/rK and

1
K sinfcosd

—(V = cos 8 +sin )2 4 (V — cos 6 — sin §)***?].
We use the binomial theorem to expand each teri$i.afnd regroup to obtain

[(V + cos 6 + sin )72 — (V 4 cos § — sin §)2F2

S, = ngJ{Z < 2k + 2 > y2kt2—ip.
1= Z (2

D; = m[(cos O+sin 0)'—(cos 0—sin 0)'—(— cos f+sin 6)'+(— cos f—sin 0)*].

If 7is odd itis clear thaD; = 0. If i = 25 is even we havé), = 0 and

D,;(0) [(cos +sin0)% — (cos @ —sin6)¥], j > 1,

cos@sinf

where

2k + 2 »
Se=13r, < 2 > V2= D, (6). (1.67)

We investigate the dependencelof; on ¢ by differentiating:

dilQDQj(e) = (cos®§ — sin” 0) |:(COS 0 + sin 6)% (

2j cosfsin 6 B
(cos @ + sin 0)?

+(cos § — sin )% ( 2J cos@sm@z + 1)]

(cos @ — sin )

= (cos?§ — sin® 0)%)_, {4]’ ( QJQZ 2 ) -2 ( %2_]'_ 1 )1 cos® 1 fsin? 271 9.
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(% 2 TR RN
4]( o¢ )—2(2€+1)>0, ¢=0.1, =1 7=12, ,
(1.68)

d >0 for0<6<m/4
@D@(Q) =0 forf = 7T/4
<0 form/4<6<m/2.

Now we averageS,(rK)% /(2k + 1)(2k + 2)% overU to getEQ,(xq)**) From
(1.67) we obtain the same result fgf(#) as we got uniformly for each term
Dy,(0)). Q.E.D.

Exercise 23 Verify the inequality (1.68).

Exercise 24 Using Lemmas 7, 8 and the mean value theorem, show that for the
constant probability distributiop, the “ worst case” isw = (1,--- ,1)/+/n.

Now that we know thaty = (1, --- , 1) //nis the “worst case” we can parallel
the treatment for the Bernoulli distribution virtually word for word to obtain the
concentration of measure inequality for the constant probability distribytion
To show that the “worst case™ is dominated by the normal distribution we have
to verify

2%k)! [m [V3m 3k
B 2k _ ( > F 2k _ _/ 2 _
N(O,l/ﬁ)(t ) k[(zm)k - Pl(t ) 12 —\/S/_mt k dt (2k+1)mk>
(1.69)
forall k =1,2,---, and this is straight forward.

Exercise 25 Verify the inequality (1.69).

Thus the concentration of measure inequality (1.40) again holdscyvithe? /4 —
€’ /6, the same as for the normal distribution and Bernoulli cases.

1.5 Discussion and practical implementation
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