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Chapter 1

Compressive Sampling

1.1 Introduction

Although it is convenient for conceptual and theoretical purposes to think of sig-
nals as general functions of time. In practice they are usually acquired, processed,
stored and transmitted as discrete and finite time samples. We need to study this
sampling process carefully to determine to what extent a sampling or discretiza-
tion allows us to reconstruct the original information in the signal. Furthermore,
real signals such as speech or images are not arbitrary functions. Depending on
the type of signal, they have special structure. No one would confuse the output
of a random number generator with human speech. It is also important to under-
stand the extent to which we can compress the basic information in the signal to
minimize storage space and maximize transmission time.

Shannon sampling is one approach to these issues. In this approach we model
real signals as functionsf(t) in L2(−∞,∞) that are bandlimited. Thus if the fre-
quency support of̂f(ω) is contained in the interval[−Ω, Ω] and we sample the sig-
nal at discrete time intervals with equal spacing less than1/2πΩ, i.e., faster than
the Nyquist rate, we can reconstruct the original signal exactly from the discrete
samples. This method will work provided hardware exists to sample the signal at
the required rate. Increasingly this is a problem because modern technologies can
generate signals of higher bandwidth than existing hardware can sample.

There are other models for signals that exploit different properties of real sig-
nals and can be used as alternatives to Shannon sampling. In this chapter we
introduce an alternative model that is based on the sparsity of many real signals.
Intuitively we think of a signal as sparse if its expression with respect to some
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chosen basis has coefficients that are mostly zero (or very small). The content
of the signal is in the location and values of the spikes, the nonzero terms. For
example the return from a radar signal at an airport is typically null, except for a
few spikes locating the positions and velocities of nearby aircraft. A time trace
of the sound from a musical instrument might not be sparse, whereas the Fourier
transform of the the same signal would be sparse. This approach to the modeling,
processing and storage of real signals is called compressive sampling.

We start with a simple model of a signal as a realn-tuplex ∈ Rn. We think
of n as large. We are especially interested in the case werex is k-sparse. That is,
at mostk of the componentsx1, · · · , xn of x are nonzero. We think ofk as small
with respect ton. In order to obtain information about the signalx we sample it.
Here, a sample is a linear functionalfc on Rn. That is, the samplefc(x) = c · x
wherec = (c1, · · · , cn) is a given sample vector andc · x is the dot product ofc
andx. Oncec is chosen, the dot product is easy to implement in hardware. In the
case whereci = δij for fixed j andi = 1, · · · , n the sample would yield the value
of the componentxj. Now suppose we takem different samplesy` of x, i.e., we
havem distinct sample vectorsc(`), ` = 1, · · · , m. We can describe the sampling
process by the equationy = Φx where them×n sampling matrixΦ is defined by

(Φ`,j) =
(
c
`)
j

)
=

 c(1)

...
c(m)

 , (1.1)

and y is an m-tuple. For compressive samplingm is less thann, so that the
system is underdetermined. The problem is to design the sampling matrixφ so
that we can determine the signalx uniquely fromm samples. Obviously, this is
impossible for arbitrary signalsx. It is possible if we know in advance thatx has
some special form. For compressive sampling at its simplest, the only requirement
on the signalx is that it isk-sparse, i.e., that at mostk < n of the componentsxj

are nonzero. The only assumption isk-sparsity, not the possible locations of the
nonzero components.

A simple example will illustrate the utility of compressive sampling. Suppose
we have a sequence of longn-component signalsx(h) that are 1-sparse. Thus, each
signal consists of a single spike at some locationj(h) with all other components
0. To determine the signal uniquely we need only find the location and the value
of the spike. How can we do this from a minimum number of samples? This
problem has an elegant solution, particularly simple in the casen = 2` for ` a
positive integer. For each 1-sparse signalx we number the componentsxj from
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j = 0 to j = 2` − 1. Similarly we will number the rows and columns ofΦ,
starting from 0. Recall that eachj can be written uniquely in binary numbers as
[j`−1, j`−2 · · · , j1, j0] wherej = j02

0+j12
1+ · · ·+j`−12

`−1 where eachjs = 0, 1.
We design them × n sampling matrixΦ wherem = ` + 1 by first filling the top
(0th) row with ones:Φ0,j = 1. For the remainingm terms in the 0th column of
Φ we enter the binary number for 0, for the remainingm terms in the 1st column
we enter the binary number for 1, and so forth. Thus the sampling matrix is given
by Φij = j`−i for i = 1, · · · , `. Computingy = Φx we havey0 = xj(h) the
magnitude of the spike, whereas ify0 6= 0 [ym/y0, · · · , y1/y0] is the location of
the spike, written in binary. For example, suppose` = 3, m = 4, n = 8 and the
signalx has the spikex6 = 6.1. Theny = Φx becomes


6.1
0

6.1
6.1

 =


1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1





0
0
0
0
0
0

6.1
0


,

and fromy we see that the value of the spike isy0 = 6.1 and the location is
[1, 1, 0] = 6. We see from this construction that for 1-sparse signals of large length
n we can identify the signal uniquely with only aboutlog2 n samples; it isn’t
necessary to sample alln components individually. For storage or transmission of
the information, the compression is impressive. Rather than storen numbers we
need only storem ≈ log2 n numbers.

In this chapter we will study the problem, for givenk, n with k < n, of how
to designm × n sampling matrices (or encoders) to uniquely determinek-sparse
signalsx such that the number of samplesm is as small as possible. Later we shall
treat the more important case where noise and measuring errors are allowed and
we want to find ak-sparse approximatioñx of x with approximation error andm
as small as possible.

1.2 Algebraic theory

The sampling problem is closely associated with the structure of the null space
N(Φ) of the m × n sampling/encoding matrix. Clearly, the rank ofΦ is ≤ m,
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andm < n since our system is underdetermined. There will be many signalsx
that will yield the same sampley. Recall thatN(Φ) = {z ∈ Rn : Φz = θ} and
dim N(Φ) ≥ n −m. The hyperplaneF (y) of signals giving the sampley takes
the form

F (y) = {x ∈ Rn : Φx = y} = x0 + N(Φ)

for any x0 ∈ F (y). Note that every signalx lies on one and only one of these
hyperplanes. Once we have sampled or encoded the signal we will need to try
to reconstruct the signal from the sample. We define a decoder as a mapping
∆ : Rm → Rn, which could be nonlinear. Given a signalx and a decoder
∆ we think of x = ∆(Φ(x)) = ∆(y) as our approximation tox, based on the
sample.Ideally we would like an encoding-decoding pairΦ, ∆ such thatx = x.
However, this is not possible for an underdetermined system, unless we restrict
the set of signals. Clearly, ensuring that at most one allowable signalx gives a
particular sampley (so that we can recoverx from y via a suitable decoder) is
equivalent to requiring that each hyperplaneF (y) contains at most one allowable
signal. Initially we restrict to signals that are sparse with respect to the standard
basisej for Rn, without any other requirements. More precisely, given a positive
integerk < n we will restrictx to the subsetΣk of k-sparse signals. Here,

Σk = {x ∈ Rn : #supp (x) ≤ k}, where supp (x) = {i : xi 6= 0} (1.2)

and#supp is the cardinality of the support ofx. In other words,Σk is the subset
of Rn consisting of all signals with at mostk nonzero components. Note thatΣk is
not a subspace ofRn because the sum of twok-sparse signals may not bek-sparse.
Indeed, ifx(1), x(2) ∈ Σk, the best that we can guarantee is thatx(1) + x(2) ∈ Σ2k.

Exercise 1 Show that even thoughΣk is not a vector space, it can be expressed
as the set-theoretical union of subspacesXTk

= {x : supp (x) ⊂ Tk} whereTk

runs over allk-element subsets of the integers{1, 2, · · · , n}, i.e.,

Σk = ∪Tk
XTk

.

If we chooseΣk for some fixedk < n as our set of allowable signals, in order
to recover eachk-sparse signalx from its sampley, we need to find the possible
m×n sample matricesΦ such thaty = Φx uniquely determinesx for all x ∈ Σk.
To characterize the sampling matrices we first recall the representation (1.1) ofΦ
in terms of its column vectors and introduce notation to describe submatrices of
Φ. let T be a set of#(T ) = ` column indices1 ≤ i1 < i2 < · · · < i` ≤ n. Then
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ΦT = (ci1 , · · · , ci`) is the#(T ) × n submatrix ofΦ formed from the columns
indexed byT . Then,Φtr

T ΦT is the#(T )×#(T ) matrix with (s, t) matrix element
given by the dot productcis · cit, 1 ≤ s, t ≤ #(T ).

Theorem 1 LetΦ be am× n matrix andk a positive integer≤ n. The following
are equivalent

(1) For all y ∈ Rm, eachF (y) contains at most one element ofΣk.

(2) Σ2k ∩N(Φ) = {θ}.

(3) For any set of column indicesT with #(T ) = 2k, the matrixΦT has rank2k.

(4) For any set of column indicesT with #(T ) = 2k, the2k × 2k matrixΦtr
T ΦT

has all eigenvaluesλj > 0 and is invertible.

PROOF:

(1)→ (2). Supposex ∈ Σ2k andΦx = θ. Sincex has at most2k nonzero com-
ponents, we can always find vectorsx(1), x(2) each with at mostk nonzero
components, and such thatx = x(1) − x(2). Now sety = Φx(1). Since
Φx = Φx(1) − Φx(2) = θ we have that bothx(1), x(2) ∈ F (y). By (1),
x(1) = x(2), sox = θ.

(2) → (3). Let T be a set of indices1 ≤ i1 < i2 < · · · < i2k ≤ n with
#(T ) = 2k and letx ∈ Rn such that supp(x) ⊆ T , so x ∈ Σ2k. If∑2k

`=1 xi`ci` = Φx = θ thenx ∈ N(Φ), so x = θ by (2). Thus the2k
column vectors indexed byT must be linearly independent.

(3) → (4). Let T andx be chosen as in the preceding proof and consider the
quadratic form

< x, ΦtrΦx >=
2k∑

s,t=1

xis(cis · cit)xit = (
2k∑

s=1

xiscis) · (
2k∑
t=1

xitcit)

= ||
2k∑
t=1

xitcit||22.

By (3), the2k column vectorscit are linearly independent, so the quadratic
form < x, ΦtrΦx > is > 0 for all nonzerox with supp(x) ⊆ T . Note that
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the matrixΦtr
T ΦT is symmetric. It is a well known fact from linear alge-

bra that That anyN × N real symmetric matrixA hasN real eigenvalues
and that these eigenvalues are all positive if and only if the quadratic form∑N

i,j=1 yiAijyj > 0 for all real nonzero vectorsy. Furthermore a real sym-
metric matrix with all positive eigenvalues is invertible. This establishes
(4).

(4) → (1). Supposex(1), x(2) ∈ F (y) ∩ Σk for somey ∈ Rm. Settingx =
x(1) − x(2) we see thatΦx = Φx(1) − Φx(2) = y − y = θ andx ∈ Σ2k.
Let T be the index set{it} for the support ofx. Then the fact thatx is in
the null space ofΦ can be expressed in terms of the column vectors ofΦ as∑2k

t=1 xitcit = Φx = θ. Thus

< x, ΦtrΦx >=
2k∑

s,t=1

xis(cis · cit)xit = ||
2k∑
t=1

xitcit||22 = 0

By (4), the eigenvalues ofΦtr
T ΦT are all positive so the only way for this last

sum to vanish is ifx = θ. This impliesx(1) = x(2).

Q.E.D.
If them×n sample matrixΦ satisfies the requirements of the theorem for some

k with 2k ≤ m < n then we can show the existence of a encoder/decoder system
that reproduces anyk-sparse signalx. Necessary and sufficient conditions for
unique reproduction are that every subset of2k column vectors must be linearly
independent. If this is true we havem ≥ 2k. Now letT be any2k-index set that
contains the support ofx. Then the encoder gives the sampley = Φx = ΦT x, so
Φtr

T y = (Φtr
T ΦT )x. Since the2k× 2k matrixΦtr

T ΦT is invertible, we can recoverx
from y via the decoding operation

x = ∆(y) = (Φtr
T ΦT )−1Φtr

T y.

Although this construction requires us to find someT containing the support ofx,
we can avoid this by using thè1 (or any`p) norm to findx from a minimization
problem:

x = ∆(y) = Argminz∈Σk
||y − Φz||1,

where by Argmin we mean the vectorz that achieves the minimum value of||y−
Φz||1. Indeed the minimum value of0 is achieved for exactly onex ∈ Σk, as the
theorem demonstrates.
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Example 1 Consider the2k × n Vandermonde matrix

Φ =


1 1 · · · 1
a1 a2 · · · an

a2
1 a2

2 · · · a2
n

...
...

...
...

ak−1
1 ak−1

1 · · · ak−1
n

 ,

wherea1 < a2 < · · · < an. It is an exercise in linear algebra to show that the
determinant of a square Vandermonde matrix is equal to±Πi>j(ai−aj) 6= 0, i.e.,
a square Vandermonde matrix is invertible. Thus any2k × 2k submatrix ofΦ has
rank2k andΦ satisfies the conditions of Theorem 1 withm = 2k.

Exercise 2 Work out explicitly the action of the Vandermonde coder/decoder for
a) k = 1, and b)k = 2.

1.3 Analytic theory

The algebraic solution to the compressed sampling problem presented in the pre-
ceding section is, by itself, of only modest practical significance. Firstly, there is a
significant practical problem of actually computingx for large values ofn. Also,
the solution assumes that the signals are preciselyk-sparse and that the inverse
of the matrix(Φtr

T ΦT )−1 can be computed with no error. Real signals typically
have a few spikes with all other components small but not zero. The numerical
computation of the matrix inverse may be unstable for largen andk. (This is the
case with the Vandermonde matrix.) The signals may be partially corrupted by
noise. We need to develop analytic estimates that enable us to determine how well
the encoding/decoding procedure approximates the initial signal. We also need to
be concerned with the design of the decoder, so that it can efficiently compute the
approximation.

1.3.1 Recovering a sparse solution ofy = Φx via `1 minimiza-
tion

Theorem 1 gave necessary and sufficient conditions that there was at most one
signalx̂ ∈ Σk ∩F (y) that produced a given sampley. (Recall that ifx = x̃ is one
solution of the equationy = Φx then all solutions are of the formx ∈ F (y) =
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{x̃ + h : h ∈ N(Φ)} whereN(Φ) is the null space of them× n sampling matrix
Φ.) However, the theorem did not lead directly to an efficient method for explicit
computation of thek-sparse solution from the sampley. Here we will study the
feasibility of findingx̂ by solving thè 1 minimization problem

x̂ = Argminx∈F (y)||x||1 (1.3)

Already in Section??we have seen examples of the special ability of the`1 norm
to produce solutionsx of y = Φx with maximal sparsity. Now we will find
necessary and sufficient conditions that this`1 minimization will lead to a unique
k-sparse solution.

Suppose that the equationy = Φx has ak-sparse solution̂x and that this
solution also satisfies (1.3), i.e., it has minimal`1 norm. This means that

||x̂ + h||1 ≥ ||x̂||1

for all h ∈ N(Φ). If T ⊂ {1, 2, · · · , n} is the index set for the support of̂x
andT c is the set of remaining indices, then#(T ) = k, #(T c) = n − k and the
minimization condition can be written in terms of absolute values as∑

i∈T

|x̂i + hi|+
∑
i∈T c

|hi| ≥
∑
i∈T

|x̂i|.

Exercise 3 Show that for any two real numbersa, b it is always true that|a +
b| − |a| ≥ sgn(a)b, wheresgn(a) = 1 if a ≥ 0 and sgn(a) = −1 if a < 0. In
particular, show that this is a strict equality unlessab < 0 and|b| > |a|.

Using the result of Exercise 3 we can obtain a minimization condition

||x̂ + h||1 − ||x̂||1 ≥
∑
i∈T

sgn(x̂i)hi +
∑
i∈T c

|hi|, (1.4)

where the left-hand side is≥ 0 for all h ∈ N(Φ). Similarly, sinceN(Φ) is a
vector space we can replaceh by−h in (1.4) and obtain

||x̂− h||1 − ||x̂||1 ≥ −
∑
i∈T

sgn(x̂i)hi +
∑
i∈T c

|hi|, (1.5)

where again the left-hand side is≥ 0 for all h ∈ N(Φ). It follows from (1.4) and
(1.5) that the strict inequality∑

i∈T

sgn(x̂i)hi <
∑
i∈T c

|hi| (1.6)
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for all nonzeroh ∈ N(Φ) is a sufficient condition that||x̂ + h||1 − ||x̂||1 > 0,
hence that̂x is the uniquè 1 minimum. If we replace< by ≤ in (1.6) then we
have a sufficient condition that̂x is a minimum, but uniqueness isn’t guaranteed.

Theorem 2 Supposex = x̂ is a k-sparse solution of the equationy = Φx and
T is the index set of̂x. A necessary and sufficient condition thatx̂ is a minimal
`1-norm solution is ∑

i∈T

sgn(x̂i)hi ≤
∑
i∈T c

|hi|,∀h ∈ N(Φ). (1.7)

A necessary and sufficient condition thatx̂ is the unique minimal̀1-norm solution
is ∑

i∈T

sgn(x̂i)hi <
∑
i∈T c

|hi|,∀h ∈ N(Φ), h 6= θ. (1.8)

PROOF: We have already shown the sufficiency. To show that the conditions are
necessary, suppose there is ah̃ ∈ N(Φ) such that

∑
i∈T sgn(x̂i)h̃i >

∑
i∈T c |h̃i|.

Then the same strict inequality will hold for allh = αh̃ ∈ N(Φ) whereα > 0.
Now chooseα so small that|hi| < |x̂i for all i ∈ T . Then from one of the results
of Exercise 3 we have strict equality|x̂i + hi| − |x̂i| = sgn(x̂i)hi for all i ∈ T .
Thus

||x̂− h||1 − ||h||1 = −
∑
i∈T

sgn(x̂i)hi +
∑
i∈T c

|hi| < 0,

sox̂ is not aǹ 1 minimum. Q.E.D.
Note that recovery of ak-sparse signal̂x depends not on the magnitude of

the nonzero components of the signal, but just on its pattern of signs. A key in-
sight provided by Theorem 2 is that sparse signal recovery via sampling is closely
related to the structure of the null spaceN(Φ).

Corollary 1 A necessary and sufficient condition thatevery k-sparse signal̂x
can be obtained as the unique minimal`1-norm solution to its sample equation
y = Φx is that ∑

i∈T

|hi| <
∑
i∈T c

|hi|,∀h ∈ N(Φ), h 6= θ, (1.9)

for all k-index setsT or, equivalently,

||h||1 < 2
∑
i∈T c

|hi|. (1.10)
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Condition (1.9), while difficult to verify in practice, points to an important
property that the null space must possess. In order that the sample matrix be able
to reconstruct sparse signals supported on small index setsT , the null space must
counterbalance by being distributed through all indices. This is often referred to
as an uncertainty principle for compressive sampling. It suggests that the compo-
nents of the sampling matrix, rather than being highly structured to fit a particular
type of signal, should be chosen at random. We shall see that this insight is correct.

Exercise 4 Prove Corollary 1.

If we can show that the conditions of Theorem 2 are satisfied then we can
recover uniquely thek-sparse signal̂x from the sampley by solving the mini-
mization problem

x̂ = Argminx∈F (y)||x||1. (1.11)

Although, unlike`2 (least squares) minimization, this problem has no analytic
solution, it can be solved by numerically efficient linear programming routines,
that are widely available.

This text is not meant to cover linear programming, but it is worth pointing out
that the`1 minimization problem is equivalent to a linear programming problem.
To see this we first express them× n sampling matrix in terms of its row vectors
ri:

Φ =

 r1
...

rm

 , ri ∈ Rn, i = 1, · · · , m.

Then we can express the`1 minimization problem (1.11) as the linear program-
ming problem

min
n∑

j=1

uj, such that yi = ri · x, −uj ≤ xj ≤ uj. (1.12)

Similarly the (possibly overdetermined)`1 problem

minx∈F (y)||y − Φx||1 = min
m∑

i+1

|yi − ri · x| (1.13)

can be expressed as the linear programming problem

min
m∑

i=1

ui, such that − ui ≤ yi − ri · x ≤ ui. (1.14)

10



In general, a linear programming problem is a maximization or minimimization
problem that can be expressed entirely through linear equations and linear in-
equalities. Such problems can be solved, for example, by the simplex method
[].

Exercise 5 Show that thè ∞ minimization problems analogous to (1.11) and
(1.13) can be expressed as problems in linear programming.

1.3.2 A theoretical structure for deterministic compressive sam-
pling

Instead of restricting to signalsx ∈ Rn that are strictlyk-sparse we will con-
sider the larger class of compressible signals, those that can be approximated by
elements ofΣk. As a measure of the approximation ofx by k-sparse signals we
adopt

σk(x) = inf
z∈Σk

||x− z||1. (1.15)

Exercise 6 We order the components ofx ∈ Rn in terms of the magnitude of the
absolute value, so that

|xi1| ≥ |xi2| ≥ · · · ≥ |xin|.

Show thatσk(x) =
∑n

j=k+1 |xij |, i.e.,σk(x) is the sum of the absolute values of
then− k smallest components ofx. Show that

Argmin inf
z∈Σk

||x− z||1 = xk

wherexk has index setT = {i1, i2, · · · , ik}. This shows thatxk is the closest
k-sparse approximation ofx with respect to thè1 norm.

Exercise 7 If
x = (3,−2, 6, 0, 3,−1, 2,−5) ∈ R8,

findxk andσk(x) for k = 1, 2, · · · , 7.

Clearly,σk(x) = 0 ⇐⇒ x ∈ Σk. We could considerx as a good candidate
for compression providedσk(x) < ε for some suitably smallε. If x is compress-
ible but not exactlyk-sparse we cannot expect to reproduce it exactly, but we can
try to approximate it by ak-sparse signal. (We assume that our decoders∆ are
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designed to givek-sparse reconstructions ofx.) Let K be a compact set in the
signal spaceRn, say a ball||x||p ≤ C for some constantC. We can measure
the performance of a given encoder/decoder pairΦ, ∆ on K by determining the
maximum error in estimating anyx ∈ K by ∆(Φx) = ∆(y) ∈ Σk. We will use
the measure

Em(K, p) = sup
x∈K

||x−∆(Φx)||p. (1.16)

(Recall thatΦ is m× n.) Here,Em(K, p) = 0 means that the error is0.
At this point we can give a precise description of the mathematical properties

that we want a encoder/decoder pair to satisfy. We say that(Φ, ∆) is Instance-
Optimal of orderk in the`1 norm if there is a constantC > 0 such that

||x−∆(Φx)||1 ≤ Cσk(x) = C||x− xk||1, ∀x ∈ Rn. (1.17)

Clearly, this is an important requirement for a encoder/decoder since it implies
that as the signalsx are increasinglyk-compressible, i.e., asx − xk → 0, thek-
sparse output of the decoder is a better and better approximation of the signal. In
particular, ifx ∈ Σk then the decoder recoversx. Note thatσk(h) = ||h−hk||1 =
Σi∈T c||h|1 whereT is the index set ofhk. possible encoder/decoder pairs that
achieve the optimum.

Definition 1 Given a sampling matrixΦ, for eachk ≤ m let ρk > 0 be the
smallest constant such that||h||1 ≤ (1 + ρk)σk(h) for everyh ∈ N(Φ). (Recall
that σk(h) = ||h − hk||1 = Σi∈T c|hi| = ||hT c ||1 and ||h||1 = ||hT ||1 + ||hT c ||1
whereT is the index set ofhk.) If ρk < 1 we say thatΦ satisfies thenull space
property for k-sparse signals.

It is possible thatρk = ∞. This happens when there is a nonzerok-sparseh ∈
N(Φ), a very undesirable feature for compressive sampling.

Exercise 8 Show that the null space property is equivalent to||hT ||1 ≤ ρk||hT c||1.

Exercise 9 Show thatρ1 ≤ ρ2 ≤ · · · ≤ ρk ≤, · · · .

Exercise 10 Show thatρk = 1/λk− 1 whereλk = max||h||1=1,S Σi∈Sc|hi| and the
maximum is taken over allk-element index setsS. Verify thatρk > 0.

It follows from (1.10) that ifρk < 1 then we satisfy the condition for uniquely
capturing ak-sparse solution ofΦx = y.
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Now we come to the essence of our problem. Supposex ∈ Rn is a signal
that we consider is “nearly”k-sparse and lety = Φx ∈ Rm be its corresponding
sample. We define a decoder

∆(y) = min
z,Φz=y

||z||1 = x̂.

We want our decoder to capture the closestk-sparse approximationxk to x and
ignore the smallestn − k components.. Thus we want to guarantee that the de-
coder will yield a uniquek-sparse solution̂x that is as close as possible tox. In
particular, ifx ∈ Σk we wantx̂ = x.

To clarify the situation we follow an approach similar to the proof of Theorem
2. Sincey = Φx̂, there is a uniqueh ∈ N(Φ) such that̂x = x + h. Sincex̂ is a`1

minimum solution we must have

||x̂||1 = ||x + h||1 ≤ ||x||1. (1.18)

Now letT0 be the set of indices corresponding to thek largest components ofx in
absolute value. (ThusT0 is the index set ofxk.) Recall from the triangle inequality
|a| = |(a + b) + (−b)| ≤ |a + b|+ | − b|, so|a + b| ≥ |a| − |b| and, by symmetry,
|a + b| ≥ |b| − |a|. Also, for any index setT andn-tuplez, let zT be the vector
with components(zT )i = zi for i ∈ T and all other components zero. Then

||x + h||1 =
∑
i∈T0

(|xi + hi|) +
∑
i∈T c

0

(|xi + hi|) ≥
∑
i∈T0

(|xi| − |hi|) +
∑
i∈T c

0

(|hi| − |xi|)

(1.19)
= (||x||1 − ||xT0||1 − ||hT0||1) + (||hT c

0
||1 − ||xT c

0
||1)

= (||x||1 + ||hT c
0
||1)− (2||xT c

0
||1 + ||hT0||1).

Comparing the inequalities (1.18) and (1.19) and noting that||xT c
0
||1 = ||x−xk||1,

we obtain

2||x− xk||1 ≥ ||hT c
0
||1 − ||hT0||1 ≥ (1− ρk)||hT c

0
||1. (1.20)

If Φ satisfies the null space property thenρk < 1 and we obtain

||hT c
0
||1 ≤

2

1− ρk

||x− xk||1.

Sincex̂ = x + h. it follows that

||x̂− x||1 = ||h||1 = ||hT0||1 + ||hT c
0
||1 ≤ (ρk + 1)||hT c

0
||1 ≤ 2

1 + ρk

1− ρk

||x− xk||1.
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Theorem 3 If Φ has the null space property fork-sparse signals then

||x̂− x||1 ≤ 2
1 + ρk

1− ρk

||x− xk||1. (1.21)

The proof of the theorem shows that thek-sparse solution̂x of the minimization
problem is unique, and allows us to get a bound on the error of reconstruction of
the nearlyk-sparse signalx by x̂. In particular, ifx = xk, i.e.,x is k-sparse, then
x = x̂. It is still possible that there is more than onek-sparse signal with sample
y even though any other solution doesn’t satisfy the`1 minimum property. In the
next section we shall see how that possibility can be eliminated.

1.3.3 RIP

Theorem 3 is an important theoretical result but it will not be of much practical
use unless we find methods for determiningρ and for designing encoder/decoder
pairs withρk < 1 for k small with respect ton. The null space property doesn’t
have direct intuitive meaning for us. A more intuitive concept is the Uniform
Uncertainty Principle or Restricted Isometry Property (RIP). LetΦ be our usual
m × n sampling matrix, For eachk we define the restricted isometry constantδk

as the smallest nonnegative number such that

(1− δk)||x||22 ≤ ||Φ(x)||22 ≤ (1 + δk)||x||22 (1.22)

for all k-sparse signalsx, i.e.,x ∈ Σk. (Note that here we are using the`2 norm.)
Expression (1.22) captures in an efficient and easily understandable manner how
well the k-sparse signalx is captured by the sampley = Φx ∈ Rm. Indeed if
δk ≥ 1 so that the left-hand term is≤ 0 then we could have a nonzero signal that
produces a zero sample, so that we would have no capability of recapturing it.
Thus a desirable property for an encoder isδk < 1.

Definition 2 Φ has the Restricted Isometry Property (RIP) fork if it has a re-
stricted isometry constant such that0 < δk < 1.

Another way to understand RIP is in terms of eigenvalues. Ifx is k-sparse
with index setT then

||Φx||22 =< ΦT x, ΦT x >=< Φtr
T ΦT x, x >

14



As pointed out in the proof of Theorem 1,ΦtrΦ is self-adjoint and positive def-
inite. Thus all eigenvaluesλi(T ) of this square matrix are strictly positive and
λmin(T )||x||22 ≤< Φtr

T ΦT x, x >≤ λmax(T )||x||22. It follows that

1− δk = λmin ≤ λmax = 1 + δk, (1.23)

where the maximum and minimum are taken over all index setsT with ≤ k in-
dices.

Exercise 11 Let Φ be a sample matrix with identical columnsΦ = (c, c, · · · , c)
where||c||2 = 1. Show thatδ1 = 0.

Exercise 12 Use the eigenvalue property (1.23) to show that for any sample ma-
trix Φ it is not possible forδk = 0 if k ≥ 2.

Exercise 13 Use them×n sample matrixΦ with constant elementsΦij = 1/
√

m
andk-sparse signalsx such thatxj = 1 for x ∈ T to show that this sample matrix
is not RIP fork ≥ 2.

If we have two signalsx, x′ ∈ Σk thenx − x′ may not bek-sparse, but it is
2k-sparse. Thus(x− x′) ∈ Σ2k and

(1− δ2k)||x− x′||22 ≤ ||Φ(x− x′)||22 ≤ (1 + δ2k)||x− x′||22. (1.24)

If x 6= x′ then, to distinguish the signals, we must haveδ2k < 1, i.e., Φ must
satisfy RIP for2k. Moreover, forx very close tox′ in norm we want the samples
y = Φx andy′ = Φx′ to be very close in norm, and this would be implied by
||Φ(x− x′)||22 ≤ (1 + δ2k)||x− x′||22.

It is worth pointing out here that the basic idea behind RIP is pervasive in
signal processing theory. For signals in Hilbert spaces the concept is called a
frame. Frames will be discussed in Section??. The concepts are not identical
because frames refer to vector spaces andΣk is not a vector space.

Now we will show that the null space property can be implied by the more
intuitive RIP. Since RIP is expressed in terms of`2 whereas the null space property
is expressed in terms of`1, we need the result from Section?? that the norms of a
k-sparse signalx satisfy the relation||x||2 ≤ ||x||1 ≤ ||x||2/

√
k. Now supposeΦ

satisfies RIP for some fixed for2k. This will imply that for each sampley ∈ Rm

there will be at most onek-sparse solutionx to y = Φx. In particularN(Φ) will
contain nok-sparse vectors.

15



Now let us examine what RIP implies about the null space property. We want
to guarantee that for allk-index setsT the inequality||hT ||1 < ρk||hT c ||1 holds
for a constantρk < 1 and allh ∈ N(Φ). We start by taking anyh ∈ N(Φ). Our
approach will be to take the worst case possible forh: theT = T0 is the index
set of thek largest components ofh, in absolute value. We want to guarantee
that ||hT0 ||1 < ρk||hT c

0
||1. Note that RIP applies only tok-sparse signals and, in

general, theh is notk-sparse. In order to apply RIP we will decomposehT c
0

as a
sum of signalshTi

, each of which is at mostk-sparse. Noting thath is ann-tuple
we use the Euclidean algorithm to writen = ak + r wherea is a positive integer
and the integerr is the remainder,0 ≤ r < k. We divide the indices ofh into a+1
disjoint sets. The first setT0 contains thek indicesi for which |hi| is maximal,
the setT1 contains the indices of the nextk maximal components, and so forth.
The last index setTa contains the indicesi of the remainingr components, for
which |hi| is the smallest. Now lethT`

be then-tuple such that the component
(hT`

)i = hi for i ∈ T` and(hT c
`
)i = 0 for i ∈ T c

` .

Exercise 14 Show that 1)hT`
∈ Σk, 2) hT`

· hT ′
`
= 0 for ` 6= `′, and 3)

h =
a∑

`=0

hT`
. (1.25)

The following material is quite technical, but it leads to the easily understood
result: Theorem 4 with an upper bound for the constantρk in the null space prop-
erty as a function of the indexδ2k in RIP. Let hT0∪T1 be then-tuple such that
(hT0∪T1)i = hi for i ∈ T0∪T1 with all other components zero. ThushT0∪T1 ∈ Σ2k.
We can apply RIP to eachk-sparse signalhT`

and from (1.25) we have

Φ(h) = Φ(hT0∪T1) +
a∑

`=2

Φ(hT`
) = θ. (1.26)

Thus,

||ΦhT0∪T1||22 =< ΦhT0∪T1 ,−
a∑

j=2

ΦhTj
>= −

a∑
j=2

< ΦhT0 , ΦhTj
> −

a∑
j=2

< ΦhT1 , ΦhTj
>

so

||ΦhT0∪T1||22 ≤
a∑

j=2

(
| < ΦhT0 , ΦhTj

> |+ | < ΦhT1 , ΦhTj
> |
)
. (1.27)

To obtain an upper bound for the right-hand side we need the following result.

16



Lemma 1 Supposex, x′ ∈ Σk with k-index setsS, S ′ respectively and such that
S and S ′ don’t intersect. Let< ·, · > be the`2 inner product onRn. Then
| < Φx, Φx′ > | ≤ 2δ2k||x||2||x′||2.

PROOF: Let
κ = max

||z||2=||z′||2=1
| < Φz, Φz′ > |

where the maximum is taken for allk-sparse unit vectorsz with index setS and
k-sparse unit vectorsz′ with index setS ′. Then, by renormalizing, it follows that
| < Φx, Φx′ > | ≤ κ||x||2 ||x′||2. Sincez + z′ andz − z′ are2k-sparse and
||z ± z′||22 = ||z||22 + ||z′||22 = 2, we have the RIP inequalities

2(1− δ2k) ≤ ||Φ(z + z′)||22 ≤ 2(1 + δ2k),

2(1− δ2k) ≤ ||Φ(z − z′)||22 ≤ 2(1 + δ2k).

From the parallelogram law for̀2, see (??), we have

< Φz, Φz′ >=
1

4
(||Φ(z + z′)||22 − ||Φ(z − z′)||22),

so the RIP inequalities imply| < Φz, Φz′ > | ≤ δ2k. Thusκ ≤ δ2k. Q.E.D.

Exercise 15 Verify the details of the proof of Lemma 1.

Applying Lemma 1 to the right-hand side of (1.27) we find

||ΦhT0∪T1||22 ≤ δ2k(||hT0||2 + ||hT1||2)

(
a∑

j=2

||hTj
||2

)
. (1.28)

On the right we use the standard inequality||hT0||2 + ||hT1||2 ≤
√

2||hT0∪T1||2, see
(??), and on the left-hand side we use RIP for2k to obtain

(1− δ2k)||hT0∪T1||22 ≤ ||ΦhT0∪T1||22 ≤
√

2δ2k||hT0∪T1||2

(
a∑

j=2

||hTj
||2

)
,

so

||hT0∪T1||2 ≤
√

2δ2k

1− δ2k

a∑
`=2

||hT`
||2. (1.29)

Now for some tricky parts and the reason that we have chosen theT` by putting
the indices ofh in decreasing order of magnitude.

17



Lemma 2
||hT`

||2 ≤
1√
k
||hT`−1

||1, ` = 2, · · · , a.

PROOF: For anyj ∈ T`, i ∈ T`−1, we have|hj| ≤ |hi|, so|hj| is also bounded by
the average of the|hi| asi ranges overT`−1:

|hj| ≤
1

k

∑
i∈T`−1

|hi|.

Thus

||hT`
||22 =

∑
j∈T`

|hj|2 ≤ k

(∑
i∈T`−1

|hi|
k

)2

.

Taking the square root, we have||hT`
||2 ≤ ||hT`−1

||1/
√

k. Q.E.D.
From the lemma we have

a∑
`=2

||hT`
||2 ≤ (k)−1/2

a−1∑
`=1

||hT`
||1 ≤ (k)−1/2

a∑
`=1

||hT`
||1 = (k)−1/2||hT c

0
||1,

which gives an upper bound for the right-hand side of (1.29). From||hT`
||1/
√

k ≤
||hT`

||2 we get a lower bound for the left-hand side of (1.29):||hT0||1/
√

k ≤
||hT0||2 ≤ ||hT0∪T1||2. Putting this all together we find

||hT0||1 ≤
√

2δ2k

1− δ2k

||hT c
0
||1 = ρk||hT c

0
||1. (1.30)

To guarantee the null space property we must haveρk < 1.

Theorem 4 A sufficient condition for the null space property to hold and for each
classF (y) to contain at most onek-sparse signal is that RIP holds for2k-sparse
signals with

ρk =

√
2δ2k

1− δ2k

< 1.

It follows that if δ2k < 1/(1 +
√

2) ≈ 0.4142 then the null space property is
satisfied.

Exercise 16 If δ2k = 1/4 for somek and the sample matrixΦ, verify from Theo-
rem 1.21 that the estimate||x̂−x||1 ≤ 5.5673||x−xk||1 holds for the approxima-
tion of a signalx by ak-sparse signal̂x.
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Many different bounds forρk can be derived from RIP using modifications of
the preceding argument, but the result of Theorem 4, due to Candés and Tao, is
sufficient for our purposes. The point is that for a givenm × n sample matrix
Φ we would like to be able to guarantee the null space property fork as large as
possible, and for a givenk we would like to design appropriate sample matrices
with m as small as possible.

1.4 Probabilistic Theory

For practical computation of sampling matricesΦ for compressive sensing we em-
ploy a probabilistic approach. Rather than designing a sampling matrix especially
adapted for a given type of signal, we chose a general purpose sampling matrix at
random. To motivate this approach we recall from Section [] that all eigenvalues
λi(T ) of the self-adjoint matrixΦtr

T ΦT are strictly positive and

1− δk = λmin ≤ λmax = 1 + δk

where the maximum and minimum are taken over all index setsT with #(T ) = k.
Thus RIP is satisfied providedλi(T ) ≈ 1. This means thatΦtr

T ΦT must be close
to theT × T identity matrix for everyk-index setT . Thus the column vectorscj

of the sampling matrixΦ = (c1, · · · , cm) should satisfycj1 · cj2 ≈ 0 for j1 6= j2

andcj · cj ≈ 1 to obtain RIP. We want each column vector to be approximately an
`2 unit vector but distinct columns should be nearly orthogonal, i.e., uncorrelated.
One way to try to achieve this is to choose the elements ofΦ as independent
samples from a probability space with mean 0 and standard deviation 1.

We recall some basic definitions from probability theory. A continuous proba-
bility distribution for the random variablet on the real lineR is a continuous func-
tion ρ(t) on R such that0 ≤ ρ(t) ≤ 1 and

∫∞
−∞ ρ(t) dt = 1. We also require that∫∞

−∞ p(t)ρ(t) dt converges for any polynomialp(t). Here
∫ t2

t1
ρ(t) dt is interpreted

as the probability that a samplet taken fromR falls in the intervalt1 ≤ t ≤ t2.
The expectation (or mean)̄t of the distribution is̄t = Eρ(t) ≡

∫∞
−∞ tρ(t) dt and

the standard deviationσ ≥ 0 is defined by

σ2 =

∫ ∞

−∞
(t− t̄)2ρ(t) dt = Eρ

(
(t− t̄)2

)
.

Hereσ is a measure of the concentration of the distribution about its mean. The
most famous continuous distribution is the normal (or Gaussian) distribution func-
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tion

ρ0(t) =
1

σ
√

2π
e−(t−µ)2/2σ2

(1.31)

whereµ is a real parameter andσ > 0. This is just the bell curve, centered
aboutt = µ. In this caseEρ0(t) = µ andσ2 = Eρ0(t

2). In Section§?? the
normal distribution has already arisen through its connection with the Heisenberg
uncertainty principle.The standard notation for the normal distribution with mean
µ and standard deviationσ is N(µ, σ).

Now suppose we choose each of themn matrix elements ofΦ = (Φij) =
(tij), 1 ≤ i ≤ m, 1 ≤ j ≤ n, independently from the population with normal
distributionN(0, 1/

√
m). Thent = (tij) is a matrix random variable onRnm

with probability density function

∆(t) = (
m

2π
)mn/2 exp

(
−m

2
Σi=m

i=1 Σj=n
j=1 t

2
ij

)
. (1.32)

Given any functionf(t) ∈ L1(Rmn, ∆) we define its expectation by

f̄(t) = E(f(t) =

∫
Rmn

f(t)∆(t)Πij dtij.

Note thatE is linear, i.e.,

E(αf1(t) + βf2(t)) = αE(f1(t)) + βE(f2(t))

for real parametersα, β. Further we have the properties

E(1) = 1, E(ti1j1ti2j2) = δi1i2δj1j2/m. (1.33)

The second identity is a consequence of the property that two distinct matrix ele-
ments ofΦ are uncorrelated.

Now let x be ann-tuple and choose the matrix elements ofΦ independently
from the normal distributionN(0, 1/

√
m) as just described. Then

E∆(||Φx||2`m
2
) = E∆(< Φtr

T ΦT x, x >) = Σi=m
i=1 Σn

j1,j2=1xj1xj2E∆(tij1tij2) = ||x||2`n
2

Thus, ifΦ lies sufficiently close to its mean value then it will satisfy RIP. In this
chapter we will show that forn sufficiently large with respect tom the probability
that the random matrixΦ lies very close to the mean and satisfies RIP is near
certainty. Such random matrices are relatively easy to construct. Even standard
spreadsheets will do the job.
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Another simple means of constructing random matrices that might satisfy RIP
is through use of the distributionρ1(t) onR:

ρ1(t) =

{ √
m
12

, −
√

3
m
≤ t ≤

√
3
m

0, otherwise.
(1.34)

Here,

t̄ = Eρ1(t) = 0, σ2 = Eρ1(t
2) =

1

m
.

We chooseΦij = tij wheret = (tij) is a matrix random variable onRnm with
density function

∆1(t) =

{
( m

12
)mn/2 if −

√
3
m
≤ tij ≤

√
3
m

for all i.j

0, otherwise.
(1.35)

Given any functionf(t) of themn components oft we define its expectation by

f̄(t) = Eρ1(f(t) =

∫
Rmn

f(t)∆1(t)Πij dt.

Again we findEρ1(||Φx||22) = 1 so these random matrices appear to be good
candidates to satisfy RIP for largen. A related construction is where each column
vectorΦj of the sample matrixΦ = (Φij) is chosen randomly as a vector on the
unit m-sphereSm: Σm

i=1Φ
2
ij = ||Φj||2`m

2
= 1. Each unit column vector is chosen

independently of the others. Here the probability density is just the area measure
on then-sphere. In this case

||Φx||2`m
2

= Σn
j=1||xjΦj||2`m

2
= Σn

j=1x
2
j ||Φj||2`m

2
+ 2Σ1≤j<`≤nxjx` < Φj, Φ` >`m

2

(1.36)
= ||x||2`n

2
+ 2Σ1≤j<`≤nxjx` < Φj, Φ` >`m

2
.

Since the unit vectorsΦj and Φ` are chosen randomly on the unit sphere and
independently ifj 6= `, the inner product< Φj, Φ` >`m

2
will be a random variable

with mean0. ThusE(||Φx||2`m
2
) = ||x||2`n

2
, and this is another good candidate to

satisfy RIP.
A third method of construction is in terms of the discrete probability measure

ρ2(t) =

{
1
2
, t = ±1

0 otherwise.
(1.37)
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We define the expectation of any polynomialp(t) in t by

p̄(t) = Eρ2(p(t) ≡ 1

2
Σt=±1p(t).

Here,t̄ = 0 andσ2 = Eρ2(t
2) = 1. In this case we chooseΦij = tij/

√
m where

eachtij is obtained by a “coin flip”. Given any polynomial functionp(t) of the
mn components oft = tij we define its expectation by

p̄(t) = E(p(t) =
1

2mn
Σtij=±1p(t). (1.38)

AgainE is linear and we have the properties

E(1) = 1, E(ti1j1ti2j2) = δi1i2δj1j2 . (1.39)

Further,Eρ2(||Φx||22) = 1 so these random matrices are again good candidates to
satisfy RIP for largen.

1.4.1 Covering numbers

In the preceding section we have exhibited three families of random matrices
such that for any realn-tuplex the random variable||Φx||2`m

2
has expected value

E(||Φx||2`m
2
) = ||x||2`n

2
. In order to prove RIP for matricesΦ so chosen we need to

show that this random variable is concentrated about its expected value. For this
we will make use of the concentration of measure inequalities

Pr
(
| ||Φx||2`m

2
− ||x||2`n

2
| ≥ ε||x||2`n

2
)
)
≤ 2e−mc0(ε), 0 < ε < 1. (1.40)

The left hand side of the inequality is the probability that| ||Φx||2`m
2
− ||x||2`n

2
| ≥

ε||x||2`n
2
, where the probability is taken over allm × n matricesΦ in one of the

three families. Herec0(ε) > 0 depends only onε. Relations (1.40) quantify
the degree to which each of the probability distributions is concentrated about its
expected value. In§??we will derive (1.40) for each of the three families and give
explicit expressions forc0(ε). Here we assume these results and proceed with the
verification of RIP.

Our proof, taken from [], makes use of an estimate for the number of closed
balls of radiusη that are needed to completely cover the unit ballB1 centered at
the origin inN dimensional Euclidean space. (The ball of radiusr centered at the
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origin is Br = {x ∈ `N
2 : ||x|| ≤ r}.) This geometrical result is particularly in-

teresting because it has applications to many practical problems concerning high
dimensional spaces, such as point clouds and learning theory, as well as compres-
sive sampling.

Let S be a closed bounded subset ofN dimensional Euclidean space. We
define the covering numberN (S, η) as the smallest numbern of closed balls
D1(η), · · · , Dn(η) of radiusη that are needed to coverS: S ⊆ ∪`

i=1Di(η). There
is no explicit formula for this number, even for the unit ballS = B1. However, it
is relatively easy to derive an upper bound forN (B1, η) and that is our aim.

We say thatm pointsx(1), · · · , x(m) in S areη-distinguishable if
||x(i) − x(j)|| > η for i 6= j. We defineM(S, η) as the maximal number ofη-
distinguishable points inS. SinceS is closed and bounded this maximum exists,
although the pointsx(i) are not unique.

Lemma 3
M(S, 2η) ≤ N (S, η) ≤M(S, η).

PROOF: For the right hand inequality, note that ifm = M(S, η) then there exist
m pointsx(1), · · · , x(m) that areη-distinguishable inS. By the maximality ofm it
follows that anyx ∈ S satisfies||x−x(i)|| ≤ η for somei. HenceS ⊆ ∪m

j=1Dj(η)
andN (S, η) ≤ m.

To prove the left hand inequality we use the pidgin hole principal. LetM =
M(S, 2η). Then there existM pointsx(1), · · · , x(M) in S that are2η-distinguishable.
If N (S, η) < M thenS is covered by fewer thanM balls of radiusη. If so, at
least two of theM distinct pointsx(i), x(j) must lie in the same ballDh(η) with
centerh. By the triangle inequality

||x(i) − x(j)|| ≤ ||x(i) − h||+ ||h− x(j)|| ≤ η + η = 2η.

However, this is impossible sincex(i) andx(j) are2η-distinguishable. HenceM ≤
N (S, η). Q.E.D.

Theorem 5 For the unit ballB1 in N dimensional Euclidean space and any0 <
η ≤ 1, we have

(1/2η)N ≤ N (B1, η) ≤ (3/η)N .

PROOF: Ifm = M(B1, η) there must existm η-distinguishable pointsx(1), · · · , x(m)

in B1. By the maximality ofm it follows that any pointx ∈ B1 satisfies||x −

23



x(i)|| ≤ η for somei. Hence, ifDj(η) is the ball of radiusη centered atx(j),
we haveS ⊆ ∪m

j=1Dj(η) and
∑k=1

j=1 V (Dj) ≥ V (B1) whereV (D) is the vol-
ume of the ballD. SinceV (Dj) = ηNV (B1) we findmηN ≥ 1. This implies
(1/η)N ≤M(B1, η).

On the other hand, we can construct ballsDj(η/2) about eachx(j). If x ∈
Dj(η/2) then, sincex = (x− x(j)) + x(j), we have

||x|| ≤ ||x− x(j)||+ ||x(j)|| ≤ η

2
+ 1 ≤ 3

2
.

Thus each ballDj(η/2) is contained in the ballB3/2. Further, since them points
x(i) areη-distinguishable, no two of these balls overlap. Thus,

∑k=1
j=1 V (Dj) ≤

V (B3/2) whereV (D) is the volume of the ballD. SinceV (Dj) = (η/2)NV (B1)
andV (B3/2) = (3/2)NV (B1) we havem(η/2)N ≤ (3/2)N . This impliesM(B1, η) ≤
(3/η)N . The theorem is now an immediate consequence of Lemma 3. Q.E.D.

Lemma 4 Let Φ be anm × n matrix whose matrix elementsΦij are drawn ran-
domly and independently from a probability distribution that satisfies the concen-
tration of measure inequality (1.40). LetT be an index set with#(T ) = k < m,
andXT be the set of alln-tuplesx with index setT . Then for any0 < δ < 1 and
all x ∈ XT we have

(1− δ)||x||`n
2
≤ ||Φx||`m

2
≤ (1− δ)||x||`n

2
(1.41)

with probability at least1− 2(12/δ)ke−c0(δ/2)m.

NOTE 1: Although this result appears to be RIP, it is not. First of all, the lemma
applies only tok-sparse signalsx with a specific index setT , not to allk-sparse
signals. Secondly the inequalities (1.41) do not hold in general, but only with a
guaranteed probability. The lemma says that the probability of failure of (1.41) to
hold is bounded above by2(12/δ)ke−c0(δ/2)m. This will be a practical method for
constructing sample matrices only if we can show that this bound is so close to 0
that failure virtually never occurs.

NOTE 2: The proof of the lemma and results to follow depend on a simple but
basic result from probability theory, the union bound. We sketch the derivation.
Supposep(A(1)) is the probability that inequalities (1.41) fail to hold forx = x(1),
andp(A(2)) is the probability of failure forx = x(2). Then

p(A(1)) = p(A(1) ∩ A(2)c) + p(A(1) ∩ A(2)),
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i.e., the probability of failure forx(1) is the probability of simultaneous failure for
x(1) and success forx(2) plus the probability of simultaneous failure for bothx(1)

andx(2). Here,0 ≤ p(C) ≤ 1 for all these probabilities. Similarly we have the
decomposition

p(A(2)) = p(A(1)c ∩ A(2)) + p(A(1) ∩ A(2)).

The probability that there is failure for at least one ofx(1), x(2) is denotedp(A(1)∪
A(2)) and it has the decomposition

p(A(1) ∪ A(2)) = p(A(1) ∩ A(2)c) + p(A(1)c ∩ A(2))) + p(A(1) ∩ A(2)),

i.e., the probability of simultaneous failure forx(1) and success forx(2), plus the
probability of simultaneous success forx(1) and failure forx(2), plus the probabil-
ity of simultaneous failure for bothx(1) andx(2). Comparing these identities and
using the fact thatp(A(1) ∩ A(2)) ≥ 0 we obtain the inequality

p(A(1) ∪ A(2)) ≤ p(A(1)) + p(A(2)).

By a simple induction argument we can establish

Lemma 5 (union bound )p(A(1) ∪ A(2) · · · ∪ A(h)) ≤
∑h

i=1 p(A(i)).

Thus the probability that at least one ofh events occurs is bounded above by the
sum of the probabilities of occurrence of each of the events separately.

PROOF OF LEMMA 4: We can assume||x||`n
2

= 1 since this can be achieved for
any nonzerox by multiplying (1.41) by1/||x||`n

2
. Now consider a finite setQT

of n-tuplesq(1), · · · , q(K), such thatQT is contained in the unit ball inXT , i.e.,
q(i) ∈ XT and||q(i)||`n

2
≤ 1. We choose these vectors such that the unit ball inXT

is covered by the closed ballsD1, · · · , DK whereDi is centered atq(i) and has
radiusδ/4. Thus, ifx ∈ XT with ||x||`n

2
≤ 1 then there is some pointq(j) ∈ QT

such that
||x− q(j)||`n

2
≤ δ/4.

From Theorem 5,N (B1, δ/4) ≤ (12/δ)k, so we can require#(QT ) ≤ (12/delta)k.
The concentration of measure inequality (1.40) can be written in the form

(1− ε)||x||2`n
2
≤ ||Φx||2`m

2
≤ (1 + ε)||x||2`n

2
|, 0 < ε < 1, (1.42)
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with probability of failure bounded above by2e−mc0(ε). Now we setε = δ/2 and
use the union bound for#(QT ) events to obtain

(1− δ/2)||x||2`n
2
≤ ||Φx||2`m

2
≤ (1 + δ/2)||x||2`n

2
|, for all q ∈ QT

with probability of failure bounded above by2(12/δ)ke−mc0(δ/2). We can take
square roots on each side of the inequality and use the facts that1 − δ/2 ≤√

1− δ/2 and
√

1 + δ/2 ≤ (1 + δ/2 for 0 < δ/2 < 1 to obtain

(1− δ/2)||x||`n
2
≤ ||Φx||`m

2
≤ (1 + δ/2)||x||`n

2
|, for all q ∈ QT

with the same probability of failure as before.
We have verified (1.41) forx ∈ QT . We extend the result to anyx in the unit

sphere ofXT by using the fact that||x − q||`n
2
≤ δ/4 for someq ∈ QT . First we

prove the right hand inequality. letA be the smallest number such that

||Φx||`m
2
≤ (1 + A)||x||`m

2
(1.43)

for all x in the unit sphere ofXT . (Since this sphere is closed and bounded,A must
exist and be finite.) Choosing any suchx in the unit sphere, and approximating it
by q as above, we find

||Φx||`m
2
≤ ||Φq||`m

2
+ ||Φ(x− q)||`m

2
≤ (1 + δ/2)||q||`n

2
+ (1 + A)||x− q||`n

2

≤ 1 + δ/2 + (1 + A)δ/4.

SinceA is the smallest number such that (1.43) holds we have1+A ≤ 1+ δ/2+
(1 + A)δ/4 or A ≤ (3δ/4)/(1 − δ/4) ≤ δ. (This last inequality follows from a
simple calculus argument and verifies the right hand side of (1.41).) The left hand
side of (1.41) follows from

||Φx||`m
2
≥ ||Φq||`m

2
− ||Φ(x− q)||`m

2
≥ (1− δ/2)− (1 + δ)δ/4 ≥ 1− δ.

Q.E.D.

Theorem 6 Let Φ be anm × n matrix whose matrix elementsΦij are drawn
randomly and independently from a probability distribution that satisfies the con-
centration of measure inequality (1.40). Let0 < δ < 1. Then there exist con-
stantsc1, c2 > 0, depending only onδ, such that for allk-sparse signalsx with
1 ≤ k < m andk ≤ c1m/ ln(n/k) we have

(1− δ)||x||`n
2
≤ ||Φx||`m

2
≤ (1− δ)||x||`n

2
(1.44)

with probability of failure bounded above bye−mc2.
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PROOF: From Lemma 4 we have established (1.44) for allk-sparse signalsx ∈
XT , with failure probability bounded by2(12/δ)ke−mc0(δ/2). We employ the union
bound to establish the result for allk-sparse signals. There are(

n
k

)
=

n!

(n− k)!k!
≤ (

en

k
)k

possible index setsT , where the last inequality follows from Stirling’s formula [].
Therefore, (1.44) will fail to hold for allk-sparse signals with probability bounded
by

2(
en

k
)k(12/δ)ke−mc0(δ/2) = exp (−mc0(δ/2) + k[ln(en/k) + ln(12/δ)] + ln 2) .

To finish the proof we need to find a constantc2 such that

0 < c2 ≤ c0(
δ

2
)− k

m
[ln(

n

k
) + 1 + ln(12/δ)]− ln 2

m
. (1.45)

If we limit k to values such thatk ≤ c1m/ ln(n/k) for some positive constantc1

then (1.45) will hold if0 < c2 ≤ c0(
δ
2
)− c1(1 + (2+ln(12/δ))

ln(n/k)
). (Here we have used

the boundln 2 ≤ k.) By choosing the positive constantc1 sufficiently small we
can guarantee thatc2 > 0. Q.E.D.

1.4.2 Concentration of Measure Inequalities

The normal distribution

We proceed with the derivation of the concentration of measure inequality (1.40)
for sample matrices chosen by means of the normal distributionN(0, 1/

√
m).

ThenΦ = t = (tij) is a matrix random variable onRnm with distribution function

∆(t) = (
m

2π
)mn/2 exp

(
−m

2
Σi=m

i=1 Σj=n
j=1 t

2
ij

)
. (1.46)

We chose ann-tuple x with ||x||`n
2

= 1 as signal and determine the probability
distribution function for the random variable||Φx||2`m

2
=
∑m

i=1(
∑n

j=1 tijxj)
2. First

we determine the cumulative probability function for||Φx||`m
2

, i.e.,

P (τ) = Pr
(
||Φx||`m

2
≤ τ

)
= (

m

2π
)mn/2

∫
||Φx||`m

2
≤τ

exp
(
−m

2
Σi=m

i=1 Σj=n
j=1 t

2
ij

)
dt

(1.47)
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whereτ ≥ 0. This multiple integral appears difficult to evaluate because of the
dependence on the vectorx. However, there is rotational symmetry here so that
P (τ) is the same for all unit vectorsx. To see this, note that we can use the Gram-
Schmidt process to construct an orthonormal basis{O(1), O(2), · · · , O(n)} for `n

2

such thatO(1) = x. Then then × n matrix O whosej-th row is O(j) will be
orthogonal, i.e.,

O =


O(1)

O(2)

...
O(n)

 = (Oij), OOtr = I

whereI is then× n identity matrix. Using well known properties of the determi-
nantdet(A) of the matrixA we have

1 = det(I) = det(OOtr) = det(O)det(Otr) = (det(O))2 ,

sodet(O) = ±1. Now we make the orthogonal change of variables,

Tij =
n∑

k=1

tikOjk, i = 1, · · · , m, j = 1, · · · , n,

so that, in particular,||Φx||2`m
2

= Σm
i=1T

2
i1. SinceO is orthogonal this coordinate

transformation preserves the sum of squares

Σi=m
i=1 Σj=n

j=1T
2
ij = Σi=m

i=1 Σj=n
j=1 t

2
ij. (1.48)

Exercise 17 Verify the identity (1.48).

Furthermore, the Jacobian of the coordinate transformation has determinant[det(O)]m,
so its absolute value is1. Thus via the standard rules for change of variables in
multiple integrals we have

P (τ) = (
m

2π
)mn/2

∫
∑m

i=1 T 2
i1≤τ

exp
(
−m

2
Σi=m

i=1 Σj=n
j=1T

2
ij

)
dT.

Here the region of integration is−∞ < Tij < ∞ for j 6= 1, so we can carry
out m(n − 1) integrations immediately. For the remaining integrations we in-
troduce spherical coordinatesTi1 = rωi where

∑m
i=1 ω2

i = 1, i.e. r is a ra-
dial coordinate and(ω1, · · · , ωm) ranges over the unit sphere inm-space. Then
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dT = rm−1 dr dΩ, wheredΩ is the area measure on the sphere, andΣm
i=1T

2
i1 = r2.

Thus

P (τ) = c

∫ √
τ

0

e−mr2/2rm−1 dr = c′
∫ mτ/2

0

e−RR(m/2−1) dR

wherec′ is a positive constant. The easiest way to computec′ is to note that
P (+∞) = 1, so c′ = 1/Γ(m/2) by the definition of the Gamma function.
Now P (τ) =

∫ τ

0
p(α) dα wherep(τ) is the probability distribution function for

||Φx||2`n
2
, so

p(τ) =
(m/2)m/2

Γ(m/2)
τm/2−1e−mτ/2. (1.49)

This is a famous distribution in probability theory, the Chi-square (or Gamma)
distribution.

Exercise 18 Verify thatE(||Φx||`n
2
) =

∫∞
0

τp(τ) dτ = 1 by evaluating the inte-
gral explicitly.

We need to make use of a form of the Markov inequality, a simple but powerful
result from probability theory.

Theorem 7 LetX be a nonnegative random variable with continuous probability
distribution functionp(x) and letd be a positive constant. Then

Pr(X ≥ d) ≤ 1

d
E(X). (1.50)

PROOF:

E(X) =

∫ ∞

0

xp(x) dx =

∫ d

0

xp(x) dx +

∫ ∞

d

xp(x) dx

≥
∫ d

0

xp(x) dx + d

∫ ∞

d

p(x) dx ≥ d

∫ ∞

d

p(x) dx = d Pr(X ≥ d).

Q.E.D.
Now we are ready to verify the concentration of measure inequalities for the

probability distributionp(τ) of the random variableX = ||Φx||2`m
2

with E(X) =
1. For anyε > 0 us first consider

Pr(X − E(X) > ε) =

∫ ∞

E(X)+ε

p(τ) dτ.

29



We will use the idea that leads to the famous Chernoff inequality. Letu > 0 and
note that

Pr(X − E(X) > ε) = Pr(X > E(X) + ε) = Pr(euX > eu(E(X)+ε))

= Pr(eu(X−E(X)−ε) > 1).

This is because the exponential function is one-one and order preserving. Thus,
applying the Markov inequality to the random variableY = eu(X−E(X)−ε) with
d = 1 andE(X) = 1 we have

Pr(X−E(X) > ε) ≤ E(eu(X−E(X)−ε)) =

∫ ∞

0

eu(τ−1−ε)p(τ) dτ = e−u(1+ε)E(euX),

for u > 0. Using the explicit formula (1.49) forp(τ) and assuming0 < u < m/2
we find

E(euX) =
(m/2)m/2

(m/2− u)m/2
. (1.51)

Thus

Pr(X − 1 > ε) ≤ (m/2)m/2e−u(1+ε)

(m/2− u)m/2

for all 0 < u < m/2. This gives us a range of inequalities. The strongest is
obtained by minimizing the right hand side inu. A first year calculus computation
shows that the minimum occurs foru = mε/2(1 + ε). Thus

Pr(X − 1 > ε) ≤ [e−ε(1 + ε)]m/2 ≤ e−m(ε2/4−ε3/6). (1.52)

Exercise 19 Verify the right hand inequality in (1.52) by showing that the maxi-
mum value of the functionf(ε) = (1 + ε) exp(−ε + ε2/2 − ε3/3) on the interval
0 ≤ ε is 1.

For the other inequality we reason in a similar manner.

Pr(X − E(X) < −ε) = Pr(eu(E(X)−X−ε) > 1) < eu(1−ε)E(e−uX),

for u > 0, so from (1.51),

Pr(X − E(X) < −ε) < eu(1−ε) (m/2)m/2

(m/2 + u)m/2
.
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For0 < ε < 1 the minimum of the right hand side occurs atu = mε/2(1− ε) and
equals[(1− ε)eε]m/2, smaller than the right hand side of (1.52). Indeed

Pr(X − 1 < −ε) < [(1− ε)eε]m/2 ≤ e−m(ε2/4−ε3/6). (1.53)

We conclude from (1.52), (1.53) and the union bound that the concentration of
measure inequality (1.40) holds withc0 = ε2/4− ε3/6.

Exercise 20 Verify the right hand inequality in (1.53) by showing thatg(ε) =
(1− ε)eε+ε2/2−ε3/3 ≤ 1 for 0 < ε < 1.

The coin flip distribution

For the coin flip (Bernoulli) distribution we choose the sample matrix viaΦij =
tij/
√

m where themn random variablestij take the values±1 independently and
with equal probability1/2. The expectation is now given by the sum (1.38) and
has properties (1.39). Ifx is ann-tuple with||x||`n

2
= 1 then

||Φx||2`m
2

= Σm
i=1Qi(x)2, Qi(x) = ΣjxjΦij. (1.54)

Note that each of the random variablesQi(x) has mean0, i.e.,E(Qi(x)) = 0 and
varianceE((Q2

i (x)) = 1/m. One consequence of this and (1.54) isE(||Φx||2) =
E(1) = 1. Since for anyε > 0 we havePr(||Φx||2`m

2
− E(||Φx||2) ≥ ε) =

Pr(Σm
i=1Q

2
i (x)−1 ≥ ε) the concentration of measure inequalities for the Bernoulli

distribution reduce to properties of sums of independent, identically distributed,
random variables.

We follow the treatment in []. Just as with the normal distribution, we make
use of the Markov inequality and introduce a parameteru > 0 that we can adjust
to get an optimal inequality. Now

Pr(Σm
i=1Q

2
i (x)− 1 ≥ ε) = Pr(euΣQ2

i (x) ≥ eu(1+ε)) = Pr(Πm
i=1e

uQ2
i (x) ≥ eu(1+ε))

= Pr(e−u(1+ε)Πm
i=1e

uQi(x) ≥ 1) ≤ e−u(1+ε)Πm
i=1E(euQ2

i (x)),

where the last step is the Markov inequality. Finally we have

Pr(Σm
i=1Q

2
i (x)− 1 ≥ ε) ≤ e−u(1+ε)[E(euQ2

1(x))]m, (1.55)

since theQi(x) are identically distributed. similarly we have

Pr(Σm
i=1Q

2
i (x)− 1 ≤ −ε) ≤ eu(1−ε)[E(e−uQ2

1(x))]m, (1.56)

31



Returning to inequality (1.55) note that

E(euQ2
1(x)) = E(

∞∑
k=0

ukQ1(x)2k

k!
) =

∞∑
k=0

uk

k!
E(Q1(x)2k), (1.57)

where the interchange in order of summation and integration can be justified by
the monotone convergence theorem of Lebesgue integration theory. Thus, to
bound (1.55) it is sufficient to boundE(Q1(x)2k) for all k. However, in distinction
to the case of the normal distribution, the bounds forE(euQ2

1(x)) andE(Q1(x)2k)
depend onx. Thus to obtain a concentration of measure inequality valid uniformly
for all signals we need to find the “worst case”, i.e., to determine the vectorx = w
on the unitn-sphere such thatE(euQ2

1(w)) is maximal. We will show that this
worst case is achieved forw = (1, 1, · · · .1)/

√
n).

We focus our attention on two components of the unit vectorx. By relabeling
we can assume they are the first two componentsx1 = a, x2 = b, so thatQ1(x) =
(at11 + bt12 + U)/

√
m whereU = Σn

j=3xjt1j. Let x̂ = (c, c, x3, · · · , xn) where

c =
√

(a2 + b2)/2. Note that||x̂||`n
2

= 1, i.e.,x̂ is also a unit vector.

Lemma 6 For k = 1, 2, · · · we haveE(Q1(x)2k) ≤ E(Q1(x̂)2k). ThusE(euQ2
1(x)) ≤

E(euQ2
1(x̂)).

PROOF: We fixU and averageQ1(x̂))2k − Q1(x)2k over the four possibilities
t11 = ±1, t12 = ±1. This average isSk/4m

k where

Sk = (U+2c)2k+2U2k+(U−2c)2k−(U+a+b)2k−(U+a−b)2k−(U−a+b)2k−(U−a−b)2k.

We will show thatSk ≥ 0. To see this we use the binomial theorem to expand
each term ofSk except2U2k and regroup to obtain

Sk = 2U2k + Σ2k
i=0

(
2k
i

)
U2k−iDi,

Di = (2c)i + (−2c)i − (a + b)i − (a− b)i − (−a + b)i − (−a− b)i.

If i is odd it is clear thatDi = 0. If i = 2j is even then since2c2 = a2 + b2 and
2(a2 + b2) = (a + b)2 + (a− b)2 we have

D2j = 2(2a2 + 2b2)j − 2(a + b)2j − 2(a− b)2j = 2[(X + Y )j −Xj − Y j],
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whereX = (a+b)2, Y = (a−b)2. It is an immediate consequence of the binomial
theorem that(X + Y )j ≥ Xj + Y j for X, Y ≥ 0. ThusD2j ≥ 0 and

Sk = 2U2k + Σk
j=0

(
2k
2j

)
U2(k−j)D2j ≥ 0.

To compute the expectationsE(Q1(x)2k), E(Q1(x̂)2k) we can first average
over t11, t12 as above and then average overU . This process will preserve the
inequalitySk ≥ 0 so we haveE(Q1(x)2k) ≤ E(Q1(x̂)2k). Q.E.D.

If x is any unit vector with two components that are not equal, sayx1 =
a, x2 = b with a 6= b then we can use Lemma 6 to obtain a new unit vector
x̂ = (c, c, x3, · · · , xn) such thatE(euQ2

1(x)) ≤ E(euQ2
1(x̂)). Proceeding in this way

it will take at mostn− 1 steps to construct the unit vectorw = (C, · · · , C) where
C = 1/

√
n andE(euQ2

1(x)) ≤ E(euQ2
1(w)). If all components ofx are equal then

x = ±w andQ2
1(±w) = Q2

1(w). Thus the “worst case” is achieved forx = w.
For the worst case we haveQ1(w) ≡ Q = (τ1 + · · · + τn)/

√
n where theτj

are independent random variables each taking the values±1/
√

m with probabil-
ity 1/2. Substituting this expression forQ1 in (1.57) and using the multinomial
expansion we can obtain an expression of the form

E(euQ2

) = Σk1,··· ,knKk1,··· ,knuk1+···+knE(τ k1
1 · · · τ kn

n )

where thekj range over the nonnegative integers andKk1,··· ,kn ≥ 0. Moreover
E(τ k1

1 · · · τ kn
n ) = 0 if any of thekj are odd. Thus the only nonzero terms are of

the form

E(τ 2`1
1 · · · τ 2`n

n ) = Πj=1,··· ,nE(τ
2`j

j ) = Πj=1,··· ,nE(τ 2`j)

where thè j range over the nonnegative integers andτ is a single random variable
taking the values±1/

√
m, each with probability1/2. This is because theτj are

independently distributed. (Note thatτ has mean 0 and standard deviation1/
√

m.)
We conclude that the value ofE(euQ2

) is uniquely determined by a power series
in the valuesE(τ 2k) for k = 1, 2, · · · , such that all terms are nonnegative:

E(euQ2

) = Σ`1,··· ,`nK2`1,··· ,2`nu2(`1+···+`n)E(τ 2`1) · · ·E(τ 2`n). (1.58)

We will not attempt to evaluate this sum! What we need is an upper bound and
we can get it by comparing this computation with corresponding computations for
the normal distribution. There we hadX = ||Φx||2`m

2
= Σm

i=1Q
2
i (x) with Qi(x) =
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Σn
j=1xjtij, where thetij are independently distributed normal random variables

with distributionN(0, 1/
√

m). In that case we found, using spherical symmetry,
thatE(euQi(x)) was independent of the unit vectorx. Thus we could choosex = w
without changing the result, and we could writeQi = Q = (t1 + · · · + tn)/

√
n

where thetj are independently distributed normal random variables each with
distributionN(0, 1/

√
m). Then the expansion forE(euQ2

) would take exactly the
form (1.58), with the same coefficientsK2`1,··· ,2`n and withE(τ 2`/m`) replaced
by E(t2`). A straightforward computation for the normal distribution yields

E(t2k) =
(2k)!

k!(2m)k
≥ 1

mk
, (1.59)

whereas, sinceτ 2 = 1 we haveE(τ 2k/mk) = 1/mk. ThusE(τ 2k/mk) ≤ E(t2k),
so [E(euQ2

1(x))]m from (1.55) is bounded by the corresponding expression (1.51)
for the normal distribution

[E(euQ2
1(x))]m ≤ (m/2)m/2

(m/2− u)m/2
. (1.60)

Exercise 21 Derive (1.59).

A similar argument givesE(Q2k
i (x)) ≤ (2k)!/k!(2m)k.

Using the techniques for the Chernoff inequality we achieve the same estimate
as (1.52) for the normal distribution,

Pr(||Φx||2`m
2
− 1 > ε) ≤ [e−ε(1 + ε)]m/2 ≤ e−m(ε2/4−ε3/6). (1.61)

Rather than follow the exact same method forPr(||Φx||2`m
2
− 1 < −ε), (1.56) , we

recast this inequality in the form

Pr(||Φx||2`m
2
− 1 < −ε) ≤ eu(1−ε)[E(e−uQ2

1(x))]m ≤ (1.62)

eu(1−ε)[E(1−uQ2
1(x)+

u2

2!
Q4

1(x)/2!)]m = eu(1−ε)[1−uE(Q2
1(x))+

u2

2
E(Q4

1(x))]m,

taking advantage of the fact that we are dealing with a convergent alternating
series. Now alwaysE(Q2

1(x)) = 1/m andE(Q2k
i (x)) ≤ (2k)!/k!(2m)k, a bound

for the right hand side of (1.62) is

Pr(||Φx||2`m
2
− 1 < −ε) ≤ eu(1−ε)[1− u

m
+

3u2

2m2
]m, 0 ≤ u < m/2. (1.63)
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Just as in the derivation of (1.52) we make the substitutionu = mε/2(1 + ε), not
optimal in this case but good enough. The result, after some manipulation, is

Pr(||Φx||2`m
2
− 1 < −ε) ≤ e−m(ε2/4−ε3/6). (1.64)

It follows directly from (1.61), (1.64) and the union bound that the concentration
of measure inequality (1.40) holds withc0 = ε2/4 − ε3/6, the same as for the
normal distribution case.

Exercise 22 Verify the right hand inequality in (1.64).

The constant distribution

A modification of the method applied to the Bernoulli distribution will also work
for the constant distributionρ1(t) onR:

ρ1(t) =

{ √
m
12

, −
√

3
m
≤ t ≤

√
3
m

0, otherwise.
(1.65)

Here, the sample matrices are defined byΦij = tij wheret = (tij) is a matrix
random variable onRnm with density function

∆1(t) =

{
( m

12
)mn/2 if −

√
3
m
≤ tij ≤

√
3
m

for all i.j

0, otherwise.
(1.66)

A functionf(t) has expectation

f̄(t) = Eρ1(f(t) =

∫
Rmn

f(t)∆1(t)Πij dt.

HereQi(x) = Σn
j=1xjtij and we takex to be a unit vector. Much of the derivation

is word for word the same as in the Bernoulli case. Just as in that case the bounds
for E(euQ2

1(x)) andE(Q1(x)2k) depend onx. To obtain a concentration of measure
inequality valid uniformly for all signals we need to find a “worst case” vector
x = w on the unitn-sphere such thatE(euQ2

1(w)) is maximal.
We focus our attention on two components of the unit vectorx. By relabeling

we can assume they are the first two componentsx1 = a, x2 = b, so thatQ1(x) =
(at11 + bt12 + U) whereU = Σn

j=3xjt1j. Let x̂ = (c, c, x3, · · · , xn) wherec =√
(a2 + b2)/2. Note that||x̂||`n

2
= 1, i.e.,x̂ is also a unit vector.
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Lemma 7 Supposeab < 0. Then fork = 1, 2, · · · we haveE(Q1(x)2k) ≤
E(Q1(x̂)2k), andE(euQ2

1(x)) ≤ E(euQ2
1(x̂)) if u > 0.

PROOF: We fixU and averageQ1(x̂))2k − Q1(x)2k over the range−
√

3/m ≤
t11, t12 ≤

√
3/m, i.e. we integrate over this square with respect to the measure

12dt11dt12/m. This average is4SkK
2k/(2k+1)(2k+2) whereK =

√
3/m, V =

U/K and

Sk =
1

c2
[(V + 2c)2k+2 − 2V 2k+2 + (V − 2c)2k+2]

− 1

ab
[(V + a + b)2k+2 − (V + a− b)2k+2 − (V − a + b)2k+2 + (V − a− b)2k+2].

We will show thatSk ≥ 0. To see this we use the binomial theorem to expand
each term ofSk except2V 2k and regroup to obtain

Sk = Σ2k+2
i=1

(
2k + 2

i

)
V 2k+2−iDi,

Di =
1

c2
[(2c)i + (−2c)i]− 1

ab
[(a + b)i − (a− b)i − (−a + b)i + (−a− b)i].

If i is odd it is clear thatDi = 0. If i = 2j is even then since2c2 = a2 + b2 and
2(a2 + b2) = (a + b)2 + (a− b)2 we have

D2j = 4(2a2 + 2b2)j−1− 1

ab
[2(a + b)2j − 2(a− b)2j] = 2[(X + Y )j −Xj − Y j],

whereX = (a+b)2, Y = (a−b)2. If ab < 0 then− 1
ab

> 0 and(a+b)2 > (a−b)2,
soD2j > 0 and

Sk = Σk
j=1

(
2k + 2

2j

)
V 2(k+1−j)D2j > 0.

To compute the expectationsE(Q1(x)2k), E(Q1(x̂)2k) we can first average
over t11, t12 as above and then average overU . This process will preserve the
inequalitySk ≥ 0 so we haveE(Q1(x)2k) ≤ E(Q1(x̂)2k). Q.E.D.

Since||Φx||2 = ||Φ(−x)||2 we can always assume that the unit vectorx has at
least one componentx` > 0. The lemma shows that the “worst case” must occur
for all xj ≥ 0. Now, assume the first two components arex1 = a > 0, x2 =
b > 0, soQ1(x) = (at11 + bt12 + U) whereU = Σn

j=3xjt1j. Then we can write
a = r cos θ, b = r sin θ wherer > 0 and0 < θ < π/2. we investigate the
dependence ofE(Q2k

1 (xθ)) on θ for fixed r. Herexθ is a unit vector for allθ.
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Lemma 8 Letfk(θ) = E(Q2k
1 (xθ)). Then

f ′k(θ)


> 0 for 0 < θ < π/4
= 0 for θ = π/4
< 0 for π/4 < θ < π/2.

It follows from this result and the mean value theorem of calculus that the “worst
case” is againw = (1, 1, · · · , 1)/

√
n.

PROOF: We fixU and averageQ1(xθ)
2k over the range−

√
3/m ≤ t11, t12 ≤√

3/m, with respect to the measure12dt11dt12/m This average is4Sk(rK)2k/(2k+

1)(2k + 2)2 whereK =
√

3/m, V = U/rK and

Sk =
1

sin θ cos θ
[(V + cos θ + sin θ)2k+2 − (V + cos θ − sin θ)2k+2

−(V − cos θ + sin θ)2k+2 + (V − cos θ − sin θ)2k+2].

We use the binomial theorem to expand each term ofSk and regroup to obtain

Sk = Σ2k+2
i=1

(
2k + 2

i

)
V 2k+2−iDi,

Di =
1

sin θ cos θ
[(cos θ+sin θ)i−(cos θ−sin θ)i−(− cos θ+sin θ)i+(− cos θ−sin θ)i].

If i is odd it is clear thatDi = 0. If i = 2j is even we haveD0 = 0 and

D2j(θ) =
2

cos θ sin θ
[(cos θ + sin θ)2j − (cos θ − sin θ)2j], j ≥ 1,

where

Sk = Σk
j=1

(
2k + 2

2j

)
V 2(k+1−j)D2j(θ). (1.67)

We investigate the dependence ofD2j on θ by differentiating:

d

dθ
D2j(θ) = (cos2 θ − sin2 θ)

[
(cos θ + sin θ)2j

(
2j cos θ sin θ

(cos θ + sin θ)2
− 1

)

+(cos θ − sin θ)2j

(
2j cos θ sin θ

(cos θ − sin θ)2
+ 1

)]
= (cos2 θ − sin2 θ)Σj−1

`=0

[
4j

(
2j − 2

2`

)
− 2

(
2j

2` + 1

)]
cos2`+1 θ sin2j−2`−1 θ.
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Now

4j

(
2j − 2

2`

)
− 2

(
2j

2` + 1

)
> 0, ` = 0.1, · · · , j = 1, j = 1, 2, · · · ,

(1.68)
so

d

dθ
D2j(θ)


> 0 for 0 < θ < π/4
= 0 for θ = π/4
< 0 for π/4 < θ < π/2.

Now we average4Sk(rK)2k/(2k + 1)(2k + 2)2 overU to getEQ1(xθ)
2k) From

(1.67) we obtain the same result forf ′k(θ) as we got uniformly for each term
D′

2j(θ)). Q.E.D.

Exercise 23 Verify the inequality (1.68).

Exercise 24 Using Lemmas 7, 8 and the mean value theorem, show that for the
constant probability distributionρ1 the “ worst case” isw = (1, · · · , 1)/

√
n.

Now that we know thatw = (1, · · · , 1)/
√

n is the “worst case” we can parallel
the treatment for the Bernoulli distribution virtually word for word to obtain the
concentration of measure inequality for the constant probability distributionρ1.
To show that the “worst case”” is dominated by the normal distribution we have
to verify

EN(0,1/
√

m)(t
2k) =

(2k)!

k!(2m)k
≥ Eρ1(t

2k) =

√
m

12

∫ √3/m

−
√

3/m

t2k dt =
3k

(2k + 1)mk
,

(1.69)
for all k = 1, 2, · · · , and this is straight forward.

Exercise 25 Verify the inequality (1.69).

Thus the concentration of measure inequality (1.40) again holds withc0 = ε2/4−
ε3/6, the same as for the normal distribution and Bernoulli cases.

1.5 Discussion and practical implementation
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